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Chapter 0

Preliminaries

Linear Algebra is an important branch of mathematics which has many applications in engineering,
economics, and social science. In addition, Linear Algebra is usually a students first introduction
to mathematical abstraction and mathematical proof.

0.1 Proofs

How to Read a Proof

While a proof may look like a short story, it is often more challenging to read than a short story.
Usually some of the computations will not seem clear, and you will have to figure out how they were
done. Some of the arguments will not be immediately understandable and will require some think-
ing. Many of the steps will seem completely strange and may appear very mysterious. Basically,
before you can understand a proof you must unravel it. First, identify the main ideas and steps of
the proof. Then see how they fit together to allow one to conclude that the result is correct. One
important word of advice while reading a proof. Try to remember what it is that has to be proved.
Before reading the proof decide what it is exactly that must be proven. Always ask yourself, “What
would I have to show in order to prove that?”

How to Write a Proof

Practice! We learn to write proofs by writing proofs. Start by just copying, nearly word for word,
a proof in the text that you find interesting. Vary the wording by using your own phrases. Write
out the proof using more steps and more details than you found in the original proof. Try to find
a different proof of the same statement and write out your new proof. Try to change the order of
the argument, if it is possible. If it is not possible, you will soon see why. All mathematicians first
learned how to write proofs by going through this process of imitation.

Conjecture + Proof = Theorem

A conjecture is a statement that you think is plausible but whose truth has not been established.
In mathematics one never accepts a conjecture as true until a mathematical proof of the conjecture
has been given. Once a mathematical proof of the conjecture is produced we then call the conjecture
a theorem. On the other hand, to show that a conjecture is false one must find a particular
assignment of values (an example) making the statement of the conjecture false. Such an assignment
is called a counterexample to the conjecture.
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The Proof Is Completed

It is convenient to have a mark which signals the end of a proof. Mathematicians in the past,
would end their proofs with letters Q.E.D., an abbreviation for the Latin expression “quod erat
demonstrandum.” So in English, we interpret Q.E.D. to mean “that which was to be demonstrated.”
In current times, mathematicians typically use the symbol [ to let the reader know that the proof
has been completed. In these notes we shall do the same.

Important Sets in Mathematics

Certain sets are frequently used in mathematics. The most commonly used ones are the sets of
whole numbers, natural numbers, integers, rational and real numbers. These sets will be denoted
by the following symbols:

1. N={1,2,3,...} is the set of natural numbers.
2. Z=4...,-3,-2,-1,0,1,2,3, ...} is the set of integers.

3. Q is the set of rational numbers; that is, the set of numbers r = ¢ for integers a,b where

b # 0. So, % € Q.
4. R is the set of real numbers and so, 7 € R.

For sets A and B we write A C B to mean that the set A is a subset of the set B, that is, every
element of A is also an element of B. For example, N C Z.

Example 1. Consider the set of integers Z. We evaluate the following truth sets:
. {z € Z : z is a prime number} = {2,3,5,7,11,... }.

. {x € Z : x is divisible by 3} = {...,-12,-9,-6,-3,0,3,6,9,12,... }.

Az €eZ:22<1} ={-1,0,1}.

AreZ:z? <1} ={-1,0,1}.

~ W N

Interval Notation

In mathematics, an interval is a set consisting of all the real numbers that lie between two given
real numbers a and b, where a < b. The numbers a and b are referred to as the endpoints of the
interval. Furthermore, an interval may or may not include its endpoints.

1. The open interval (a,b) is defined to be (a,b) = {z € R:a < x < b}.

2. The closed interval [a,b] is defined to be [a,b] = {x € R:a < x < b}.

3. The left-closed interval [a,b) is defined to be [a,b) = {x € R:a <z < b}.
4. The right-closed interval [a,b) is defined to be (a,b] = {z € R:a < x < b}.

Finally, for any real number a we now define the following rays, or half-lines.

1. The interval (a,o0) is defined to be (a,00) = {x € R:a < z}.
2. The interval [a, c0) is defined to be [a,00) = {x € R:a < z}.

3. The interval (—oo, a) is defined to be (—o0,a) = {r € R: x < a}.
1 (

. The interval (—oo, a] is defined to be (—oo,a] = {z € R: 2z < a}.
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The symbol oo denotes ‘infinity’ and is not a number. The notation oo it is just a useful symbol
that allows us to represent intervals that are ‘without an end.” Similarly, the notation —oco is used
to denote an interval ‘without a beginning.’

Problem 2. Using interval notation, evaluate the following truth sets:
(1) {zeR:2%2-1<3}.
(2) {zeRt: (x—1)2>1}.
(3) {zeR 1z >1}
Solution.
(1) We first solve the inequality 2 — 1 < 3 for 2% obtaining 2% < 4. The solution to this latter
inequality is —2 < z < 2. Thus, {z € R: 22 — 1 < 3} = (-2,2).

(2) We are looking for all the positive real numbers x that satisfy the inequality (z —1)% > 1. We
see that the solution consists of all real numbers x > 2. So, {z € RT : (z —1)? > 1} = (2, 00).

(3) We need to find all the negative real numbers = that satisfy x > % We conclude 22 < 1. So,
we must have —1 <z < 0. So, {r €eR™ 1z > 1} = (-1,0).

Definition. A positive rational number “* is in reduced form if m € N and n € N have no

common factors.

Example. % is in reduced form, % is not in reduced form because 12 and 9 have a common factor.

Clearly every rational number can be put into reduced form.

How to Prove an Equation

Equations play a critical role in modern mathematics. In this text we will establish many theorems
that will require us to know how to correctly prove an equation. Because this knowledge is so
important and fundamental, our first proof strategy presents two correct methods that we shall use
when proving equations.

Proof Strategy 1. To prove a new equation ¢ = 9 there are two approaches:
(a) Start with one side of the equation and derive the other side.
(b) Perform operations on the given equations to derive the new equation.
We now apply strategy 1(a) to prove a well known algebraic identity.
Theorem. Let a and b be arbitrary real numbers. Then (a + b)(a — b) = a® — b%.
Proof. We! will start with the left hand side (a+b)(a—b) and derive the right hand side as follows:
(a+0b)(a—b) =ala—0b)+b(a—>b) by the distribution property

=a%—ab+ba—1? by the distribution property
=a® —b? by algebra.

Thus, we have that (a + b)(a — b) = a® — b%. O

'Most mathematicians use the term “we” in their proofs. This is considered polite and is intended to include the
reader in the discussion.
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We now apply strategy 1(b) to prove a new equation from some given equations.
Theorem. Let m,n,i,j be integers. Suppose that m = 2i + 5 and n = 3j. Then mn = 675 + 155.

Proof. We are given that m = 2¢ + 1 and n = 2j. By multiplying corresponding sides of these two
equation, we obtain mn = (2¢ 4+ 5)(37). Thus, by algebra, we conclude that mn = 6ij + 155. [

Remark 0.1.1. To prove that an equation ¢ = 1 is true, it is not a correct method of proof to
assume the equation ¢ = 1 and then work on both sides of this equation to obtain an identity.

The method described in Remark 0.1.1 is a fallacious one and if applied, can produce false
equations. For example, this fallacious method can be used to derive the equation —1 = 1. To
illustrate this, let us assume the equation —1 = 1. Now square both sides, obtaining (—1)% = 12
which results in the true equation 1 = 1. The method cited in Remark 0.1.1 would allow us to
conclude that —1 = 1 is a true equation. This is complete nonsense. We never want to apply
a method that can produce false equations!

Exercises 0.1

1. Let 2 and y be real numbers. Prove that (z — y)(z? + zy + 3?) = 23 — 3.

2. Let z and y be real numbers. Prove that (z + y)(2? — zy + y?) = 23 + ¢3.

3. Let x and y be real numbers. Prove that (x + y)? = 22 + 2zy + 1.

4. Let x and y be real numbers. Using exercise 3, prove that (z + )3 = 23 + 322y + 3z + ¢>.

e . . . ) . 1
5. Let ¢ be the positive real number satisfying the equation ¢ —p —1 = 0. Prove that ¢ = o1
6. Let ¢ be the positive real number satisfying the equation ¢? — ¢ —1 = 0. Let a # b be real
numbers satisfying g = . Prove that ;% = .
0.2 Sets

In modern mathematics, many of the most important ideas are expressed in term of sets. A set is
just a collection of objects. These objects are referred to as the elements of the set. These elements
can be numbers, ordinary objects, words, other sets, functions, etc. An object a may or may not
belong to a given set A. If a belongs to the set A then we say that a is an element of A, and we
write a € A. Otherwise, a is not an element of A and we write a ¢ A. A finite set has the form
A ={z1,22,...,2,} where n is a natural number and the listed elements of A are all distinct.

Basic Definitions of Set Theory
Definition 0.2.1. The following set notation is used throughout mathematics.

1. For sets A and B we write A = B to mean that both sets have exactly the same elements.

2. For sets A and B we write A C B to assert that the set A is a subset of the set B, that is,
every element of A is also an element of B.

3. We shall say that the set A is a proper subset of the set B when A C B and A # B.
4. We write @ for the empty the set, that is, the set with no members.

5. If A is a finite set, then |A| represents the number of elements in A.
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Venn diagrams are geometric shapes that are used to depict sets and their relationships. In
Figure 1 we present a Venn diagram which illustrates the subset relation, a very important concept

in set theory and mathematics.
D>

Figure 1: Venn diagram of A C B

Set Operations

The language of set theory is used in the definitions of nearly all of mathematics. There are three
important and fundamental operations on sets that we shall now discuss: the intersection, the
union and the difference of two sets. We illustrate these four set operations in Figure 2 using Venn
diagrams. Shading is used to focus one’s attention on the result of each set operation.

1. Venn diagram of AU B 2. Venn diagram of AN B

i C A
A B U

3. Venn diagram of A\ B 4. Venn diagram of A€
Figure 2: Set Operations

Definition 0.2.2. Given sets A and B we can build new sets using the set operations:

1. AUB={z:xz € Aorx € B} is the union of A and B.
2. ANB={x:2 € Aand x € B} is the intersection of A and B.

3. A\B={x:2¢€ Aand z ¢ B} is the set difference of A and B (also stated in English as
A “minus” B).
4. Given a universe of objects U and A C U, theset A=U\A={x €U :x ¢ A} is called the

complement of A.
Example 1. Let A ={1,2,3,4,5,6} and B = {2,4,6,8,10,12}. Then
o AUB ={1,2,3,4,5,6,8,10,12}.
e ANB={2,4,6}.
A\ B=1{1,3,5}.
B\ A= {8,10,12}.
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Problem 2. Recalling the notation (see page 5) for intervals on the real line, evaluate the result
of the following set operations:

1. (—=3,2)N(1,3).
2. (=3,4) U (0, 00).
3. (=3,2) \ [1,3).

Solution. While reading the solution to each of these items, it may be helpful to sketch the relevant
intervals on the real line.

1. Since z € (—3,2) N (1,3) if and only if z € (—3,2) and = € (1, 3), we see that x is in this
intersection precisely when z satisfies both (a) —3 <z < 2 and (b) 1 < x < 3. We see that
the only values for x that satisfies both (a) and (b) are those such that 1 < x < 2. Thus,
(-3,2)N(1,3) =(1,2).

2. Since xz € (—3,4)U(0,00) if and only if x € (—3,4) or € (0, 00), we see that z is in this union
precisely when x satisfies either (a) —3 < x < 4 or (b) 0 < z. We see that the only values for
x that satisfies either (a) or (b) are those such that —3 < . Thus, (—3,4)U(0,00) = (-3, 00).

3. Since z € (—3,2) \ [1,3) if and only if x € (—3,2) and = ¢ [1,3), we see that x is in this set
difference precisely when z satisfies (a) —3 < z < 2 and (b) not (1 < z < 3). We see that
the only values for x that satisfies both (a) and (b) are those such that —3 < 2 < 1. Thus,

(=3,2)\ [1,3) = (-3,1).

Exercises 0.2

1. Recalling our discussion on interval notation on page 5, evaluate the following set operations:

a) (—2,0) N (—o0,2).

R\ (2,00).

)

) (=00, 0]\ (=00, 2].

)

) (R (=00,2]) U (L, 00).

0.3 Functions

Definition 0.3.1. We write f: A — B to mean that f is a function from the set A to the set B,
that is, for every element = € A there is exactly one element f(x) in B. The value f(z) is called “f
of z,” or “the image of x under f.” The set A is called the domain of the function f and the set
B is called the co-domain of the function f. In addition, we shall say that x € A is an input for
the function f and that f(x) is the resulting output. We will also say that = gets mapped to f(z).

Remark 0.3.2. If f: A — B then every x € A is assigned exactly one element f(z) in B. We say
that f is single-valued. Thus, for every x € A and z € A, if x = z then f(z) = f(2).

Definition 0.3.3. Given a function f: A — B the range of f, denoted by R(f), is the set

R(f)={f(a) :a€ A} ={be B:b= f(a) for some a € A}.
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The range of a function is the set of all “output” values produced by the function.

Question. Let h : X — Y be a function. What does it mean to say that b € R(h)? Answer:
b € R(h) means that b = f(x) for some x € A.

Example 1. Let f: R — R be the function in Figure 3 defined by the formula f(z) = 2% — 2.
Then R(f) = {f(z):z € R} = {a? —z: 2 € R} = [-1,00).

1
4

Figure 3: Graph of f(z) =22 — o

One-To-One Functions and Onto Functions

Definition. A function f: X — Y is said to be one-to-one (or an injection), if distinct elements
in X get mapped to distinct elements in Y'; that is,

for all a,b € X, if a # b then f(a) # f(b),

or equivalently,
for all a,b € X, if f(a) = f(b) then a = 0.

Definition. A function f: X — Y is said to be onto (or a surjection), if for each y € Y there is
an z € X such that f(x) =y.

Definition. A function f: X — Y is said to be one-to-one and onto (or a bijection), if f is
both one-to-one and onto.

Inverse Functions

In calculus you study the inverse trigonometric functions, and you also learn that the two functions
In(z) and e* are inverses of each other. The inverse of a function is another function that “reverses
the action” of the original function. Not every function has an inverse. The only functions that do
have an inverse are those that are one-to-one and onto.

Theorem 0.3.4. Suppose that f: A — B is one-to-one and onto. Then there is a function
f~!': B — A that satisfies

o) =a iff fla)=b (1)
for all b € B and a € A.
Proof. Suppose f: A — B is one-to-one and onto. We shall prove that f~!, as defined by (1), is

a function from B to A. To do this, we shall show that f~! is single-valued. Let b € B. Since
f: A — Bisonto, there is an a € A such that f(a) = b. Suppose that a’ € A also satisfies f(a’) = b.
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Thus, f(a) = f(a’). Because f is one-to-one, it follows that a = a’. Therefore, for every b € B
there is exactly one a € A such that f(a) = b. Hence, the formula f(a) = b used in (1) defines a
function f~': B — A. O

Definition 0.3.5. Suppose f: A — B is one-to-one and onto. Then the function f~': B — A,
defined by (1), is called the inverse function of f.

Figure 4: A function f: A — B and its inverse f~': B — A

An arrow diagram of a one-to-one and onto function f: A — B is given in the Figure 4. The
arrow diagram for the inverse function f~!: B — A is also portrayed in Figure 4. Observe that
the inverse function f~! reverses the action of f and that f(x) = y if and only if f~!(y) = z, for
each z € A and y € B.

Composition of Functions

If the domain of a function equals the co-domain of another function, then we can use these two
functions to construct a new function called the composite function. The composite function is
defined by taking the output of one these functions and using that as the input for the other
function. The formal mathematical definition appears below.

Definition 0.3.6. For functions g: A — B and f: B — C, one forms the composite function
(fog): A— C by defining (f o g)(z) = f(g(z)) for all x € A.

For example, let g: A — B and f: B — C be the functions in Figure 5. An arrow diagram for
the composite function (f o g): A — C appears in Figure 6.

Figure 6: The resulting composite function f o g for the functions in Figure 5
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Example 2. Let g: R — R and f: R — R be the functions defined by f(z) = m%w and g(z) =
2z — 1. Find formulas for (f o ¢g)(z) and (go f)(z). Is fog=go f?

Solution. Let € R. We evaluate the function (f o g)(z) as follows:

(Fo9)a) = f(a(w) = f(22 = 1) = Gy
Thus, (fog)(x) = m We evaluate (g o f)(z) to obtain
o)) =atie) =0 (55 ) =2 (g) ~ 1= seag -1

Hence, (go f)(x) = #ﬁ —1. Since (fog)(0) = % and (go f)(0) =0, we conclude that fog # go f.

One cannot form the composition of just any two functions. When in doubt here is a simple
rule to follow: The composition f o g is defined when the domain of the left function f is equal to
the co-domain of the right function g.

Remark 0.3.7. Given two functions g: A — E and f: B — C, if R(g) C B, then one can also
define the composition (f og): A — C. In other words, if f(b) is defined for every value b of the
function g, then one can define f o g.

Composing a Function with the Identity Function

The identity function just takes an input x and returns x as its output value. As a result, when
one composes a function f with the identity function, the result will just be the function f.

Theorem 0.3.8. Let f be any function f: A — B. Let i4: A — A be the identity function on A
and let ip: B — B be the identity function on B. Then

(1) (foia) =,
(2) (ipo f) =
Proof. Clearly, (foia)(x) = f(ia(x)) = f(z) and (ipof)(x) = ip(f(x)) = f(z), foreachx € A. [

Composing a Function with its Inverse

Since the inverse of a function “reverses the action” of the original function, the result of composing
these two functions leads to “no action.”

Theorem 0.3.9. Suppose f: A — B is one-to-one and onto. Let f~': B — A be the inverse of f.
Then

(1) f~Y(f(a)) = a for all a € A,
(2) f(f~1(b)) =bfor all b€ B.

Proof. First we prove (1). Let a € A. Since f(a) € B, let b € B be such that f(a) = b.
Theorem 0.3.4 implies () f~(b) = a. After substituting b = f(a) into equation (*), we see that
f~Y(f(a)) = a. To prove (2), let b € B. Since f~1(b) € A, let a € A be such that f~(b) = a.
Thus, () f(a) = b by Theorem 0.3.4. Upon substituting a = f~!(b) into equation (1), we obtain
7)) =b. 0
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Corollary 0.3.10. Suppose f: A — B is one-to-one and onto. Let f~': B — A be the inverse of
f. Then

(1) (frof)=1ia

(2) (fof™) =isn
where 74 is the identity function on A and ip is the identity function on B.
Proof. Since ia(a) = a for a € A and ig(b) = b for b € B, items (1) and (2) follow from the
corresponding items in Theorem 0.3.9. O
Composing One-To-One Functions

Our next theorem shows that the composition of two one-to-one functions is also one-to-one.
Theorem 0.3.11. If g: A — B and f: B — C are one-to-one, then (fog): A — C is one-to-one.

Proof. Assume g: A — B and f: B — C are one-to-one. To prove that the function (fog): A — C
is one-to-one, let z € A and y € A. Assume (f o g)(z) = (f o g)(y). Thus, (i) f(g(z)) = f(9(y))
by the definition of composition. Since f is one-to-one, we conclude from (i) that g(x) = g(y).
Because g is one-to-one, we see that © = y. This completes the proof. O

Composing Onto Functions

The next theorem asserts that the composition of two onto functions yields an onto function.
Theorem 0.3.12. If g: A — B and f: B — C are onto, then (fog): A — C is onto.

Proof. Assume g: A — B and f: B — C are onto. We shall prove that the function (fog): A — C
is onto. Let z € C. Since f: B — C is onto and z € C, there is a y € B such that f(y) = z.
Because y € B and g: A — B is onto, there is an x € A such that g(z) = y. We will show that
(fog)(x) =z as follows:

(fog)(xz)= f(g(x)) Dby definition of composition
—fy)  because g(x) = y

=z because f(y) = z.

Thus, (f o g)(z) = z. Therefore, (go f): X — Z is onto. O



Chapter 1

Matrices and Linear Systems

1.1 Introduction to Matrices and Linear Systems

A system of m linear equations in the n unknowns z1, ..., z, has the form

a11x1 + a12x9 + -+ AinTn — b1
ao1x1 + agers + -+ asnxy = bo
a31T1 + azeT2 + -+ azpTy, = b3 (1.1)

Am1T1 + Am2T2 + -+ + GppTn = by
is called a (m x n) system of linear equations, where the a;; and b; are fixed constants.
Example 1. Consider the following (3 x 4) linear system:

23z — 22y + 2w + 42 =26
3x+ 2y— w+ z=4 (1.2)
—10z — by + 4w — 7z = —6.

One can check that x = 2,y = 1,w = 3,z = —1 is a solution to this system. Thus, we will say that
(2,1,3,—1) is a solution to the system (1.2).

Definition 1.1.1. We say that the list of numbers (z1,..., ;) is a solution to the system (1.1) if
it satisfies all the equations in the system. The set

S={(z1,...,2n) : (x1,...,2y,) is a solution to the system (1.1)}

is called the solution set of the system (1.1). The system (1.1) is consistent if it has a solution,
that is, S # @. If the system (1.1) has no solutions then it is inconsistent.

Question. How to find the solution set S to the system (1.1)?

Answer. Transform the complicated system (1.1), using elementary operations (algebra), to an
equivalent system which is easier to solve.

14
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1.1.1 Elementary Operations on a Linear System of Equations

Definition 1.1.2. The Elementary Operations that can be applied to a system of equations
are the following:

(1) Multiply an equation by an non-zero number.
(2) Interchange two equations.
(3) Add a multiple of one equation to another equation.

Theorem 1.1.3. If one linear system of systems of equations is obtained from another linear
system of equations by applying elementary operations, then both linear systems have exactly the
same solutions.

Problem 2. Solve the system

z+2y=28
3z — 4y = 4.

Solution. To be solved in class.
Problem 3. Solve the system

3x+2y+ z2=2
dr 4+ 2y + 22 =8
r— y+ z=4.

Solution. To be solved in class.

1.1.2 Matrices

Definition 1.1.4. An m X n matrix is a rectangular array of numbers of the form

ail a2 T Aln

az1 a22 e a2n
A=

aml Am2 " Omn

and the number a;; is called the ij ™ entry of the matrix A. We shall sometimes write A = [@i5)
as shorthand. Also, we shall sometimes write A,,x» when we want to emphasize the “size” of the
matrix A. For notational convenience we shall write

a; = [ aj1 Q2 - Qin }
for the i*" row of the matrix A; and we shall write

Aj=

for the j** column of the matrix A.
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For example, the 4 x 5 matrix

Aos=1| 3 1 3 § o9

-4 4 5 —4 8
has a1 = 2, and a43 = 5. The 2nd row of A is
ag=[-2 0 20 m —4 ]
and the 3rd column of A is

As 20

1.1.3 Matrix Representation of a Linear System

In this section we will show how a system of equations can be expressed as a matrix. Matrices are
helpful in rewriting a linear system in a very simple form. The algebraic properties of matrices may
then be used to solve systems.

Given a system of m linear equations in the n unknowns z1,...,z,

a11x1 + a12To + -+ apT, = by
2171 + G22T2 + -+ + ATy = by

az1x1 + a2 + -+ azpr, = b3 (1.3)

U121 + @22 + - -+ QpnTn = by,

we form the two matrices

ailr a2 ... Qin b1

asy a9 . aon b2
A= b =

Aml Am2 .- Gmn b,

The matrix A is called the coefficient matrix and the m x (n + 1) matrix

air a2 - aip b

a1 a2 -+ Qb
[A[b] =

Aml Am2 - Qmn bm

is called the augmented matrix. The augmented matrix provides a more compact notation for a
linear system of equations.
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Example 4. Given the system of equations

1+ o+ 2x3=9
221 + 929 — 1023 = 39 (1.4)
1 — 6xo + x3=—27.

the coefficient matrix is given by

1 1 2
A=12 9 -10
1 —6 1
9
and the matrix b is given by b = 39 |. Thus, the augmented matrix of the linear system (1.4)
—27
is given by
1 1 2 9
[Alb]=1]12 9 —-10 39
1 —6 1 =27

1.1.4 Elementary Row Operations on a Matrix
We will now show how to use the augmented matrix to solve a system of equations.
Definition 1.1.5. The Elementary Row Operations which can be applied to a matrix are:
(1) Multiply a row by an non-zero number
(2) Interchange two rows
(3) Add a multiple of one row to another.

Notation for Row Operations. Given a matrix A we shall let R; represent the i-th row of A.
Thus we can represent the above row operations as follows:

(1) Replace the i-th row by an non-zero multiple k of the i-th row: kR; — R;
(2) Interchange the i-th and j-th rows: R; <> R;.

(3) Replace the j-th row with a multiple of the i-th row added to the j-th row: kR; + R; — Rj,
where i # j.

Definition 1.1.6. If a matrix B can be obtained from a matrix A by performing a finite sequence
of row operations on A, then the matrices A and B are said to be row equivalent.

Theorem 1.1.7. Let [A| b] and [C'| d] be the augmented matrices of two linear systems of equations
each of m equations and n unknowns. If the matrices [A|b] and [C'|d] are row equivalent, then
both linear systems have exactly the same solutions.

Problem 5. Find the solution set of the system of equations

r14+ xo0+ 223=09
2x1 + 929 — 10z3 = 39 (1.5)
ry —6x0 + x3=—2T7.
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Solution. We form the augmented matrix

1 1 2 9
[Albl=|2 9 —10 39
1 -6 1 —27

Now, using row operations, we transform the matrix [A|b] into the “reduced echelon” form [C'|d]
as follows:

1 1 2 9
[Alb]=]2 9 —10 39
1 -6 1 —27 |
2Ry 4+ Ry = Ry

1 1 2 9]
0 7 -14 21
1 -6 1 —27

—R1+R3 = R3

1 1 2 9 ]
0o 7 —-14 21
0 -7 -1 =36

Ry + R3s — R3

(1 1 2 9 ]
7 —14 21

0 0 —15 —15 |
%Rz—)RQ

(1 1 2 9 ]
1 -2 3

0 0 —15 —15 |
—%Rg—)Rg

1 1 2 9]
1 -2 3

0 0 1 1
—Ry+ Ri1 — Ry

[ 1 0 4 6 ]
1 -2 3

0 0 1 1
2R3 4+ R2 — R

[ 1 0 4 6
1 0 9

0 0 1 1
—4R3 + R1 — Ry

1 0 0 2]
Cldj=]0 1 0 5
o 0o 1 1
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The matrix [C'|d] is in “reduced echelon form”. We will now express this new augmented matrix
[C'| d] as a linear system of equations and solve this new system of equations to obtain:

I =2
i) =5

563:1

This new system has the same solution set as (1.5) by Theorem 1.1.7 and thus, the solution set is

S =1{(2,5,1)}.

Exercises 1.1

Pages 12 to 13 of text — #1, 3, 7, 9, 11, 13, 19, 21, 25, 27, 31, 35.

1.2 Reduced Echelon Form and Gauss-Jordon Elimination

Many of the problems we will solve in Linear Algebra require that a matrix be converted into
reduced echelon form. Any matrix can be transformed to a matrix in reduced echelon form using
elementary row operations, by a method known as Gauss-Jordan elimination. The solutions of a
system of linear equations can be immediately obtained from the reduced echelon form to which
the augmented matrix has been transformed.

Definition 1.2.1. A matrix is in echelon form if
(a) All rows consisting of zeros, if any, are on the bottom of the matrix.
(b) The first non-zero entry in each row is a 1, called the leading one of the row.

(c) If two rows contain leading ones, the higher row will have its leading one to the left of the
leading one of the lower row.

Definition 1.2.2. A matrix is in reduced echelon form'
(a) All rows consisting of zeros, if any, are on the bottom of the matrix.
(b) The first non-zero entry in each row is a 1, called the leading one of the row.

(c) If two rows contain leading ones, the higher row will have its leading one to the left of the
leading one of the lower row.

(d) A column containing a leading one has all other entries in the column equal to 0.

A matrix in reduced echelon form will have the general form

1 x x 0 %= 0 x 0 % % =
000 1 %« 0 %x 0 *x % x
00 0001 % 0 % *x =
000 0O0OO0OO0OT1TUO0 % =
000 O0O0OO0ODOUO OTGO0OTQO0OO

where * represents any real number.

1Some texts call this reduced row echelon form.
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Example 1. Two matrices that are in reduced echelon form appear below:

1 200 5 —1 123 050

00103 O 000130

M = N=]000001
00012 4

00000 O 000000

00 0 00O

Theorem 1.2.3. Every matrix B is row equivalent to a matrix C' in reduced echelon form.
We will illustrate the proof of Theorem 1.2.3 in our next example.

Example 2. Using elementary row operations we shall transform the matrix

1 2 3 4
B = 012 3
-1 1 0 -1

into a matrix C in reduced echelon form as follows:

1 2 3 4

B=| 0 1 2 3
-1 1 0 -1
Ri+ R3 — R3

1 2 3 4]

o 1 2 3
0 3 3 3

—2Rs + Ry — R1
1 0 -1 =2
0 1 2 3
0 3 3 3|

—3R2+ Rs — Rs3
1 0 -1 -2
0 1 2 3
0 0 -3 -6

—%Rg — R3

1 0 -1 -2
0 1 2 3
o 0 1 2
—2R3 + R2 — Ra

1 0 -1 -2
0 1 0 -1
0 0 1 2

Rs+ Ry — R1
1 0 0 0]
C= 0 1 0 -1

0 0 1 2

The matrix C' is in reduced echelon form. This completes the example.
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1.2.1 Solving a Linear System by Reduction to Echelon Form
A system of m linear equations in the n unknowns x1,...,x, has the form

a1171 + a12To + -+ a1pT, = by
a1 + a2y + -+ aspr, = by

a31r1 + azar2 + -+ aznTy, = b3 (1.6)

Am121 + @m2T2 + -+ QpnTn = by,
where the a;; and b; are constants.

Definition 1.2.4. We say that the list of numbers (z1, ..., z,) is a solution to the system (1.6) if
it satisfies all the equations in the system. The set

S={(x1,...,2p) : (x1,...,2,) is a solution to the system (1.6)}

is called the solution set of the system (1.6). The system (1.6) is consistent if it has a solution,
that is, S # @. If the system (1.6) has no solutions then it is inconsistent.

Question. How to find the solution set S to the system (1.6)7

Answer. Since the algorithm we use to solve the system (1.6) makes no use of the variables

(z1,...,2y,), we consider the augmented m x (n + 1) matrix
a1 a2 - ap b
Alb] = az;r  az -+ Az, be
Gml Gm2 ' Qmn bm

and perform Row Operations on [A|b] to transforms this matrix to a new matrix [C'| d] which is in
reduced echelon form, obtaining the augmented matrix [C |d]. The system of equations associated
to the augmented matrix [C'| d] is easy to solve and has exactly the same solutions as the original
system (1.6).

1.2.2 Gauss-Jordon Elimination

We now give a procedure for solving a system of equations, by transforming the augmented matrix
into another augmented matrix. The system represented by the new augmented matrix is easier to
solve and has the same solution set as the original system of linear equations.

Gauss-Jordan Elimination Prodedure. To solve a linear system of equations:
Step 1. Form the augmented matrix [A | b] of the system.
Step 2. Transform the augmented matrix [A |b] into reduced echelon form [C'|d].
Step 3. Solve the new system of equations having the augmented matrix [C'|d].
Problem 3. Find the solution set of the system of equations

r1 + 220 + 313 =4
To + 223 =3 (17)
—x] + X2 =—1.
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Solution. We will (1) form the augmented matrix [A|b] of the system (1.7), (2) transform the
augmented matrix into reduced echelon form [C'|d], and (3) solve the new system of equations
having the augmented matrix [C'|d]. The solution of the system with augmented matrix [C'|d]
will also be the solution of the system (1.7).
We apply Step 1 of the Gauss-Jordon elimination method. The augmented matrix for the
system (1.7) is as follows:
1 2 3 4
Ab]=] 012 3
-1 10 -1
We now apply Step 2 and transform this augmented matrix into the reduced echelon form [C'|d].
This was done in Example 2 above. Thus,

1 0 0 0
cld= 0o 1 0 -1
0 0 1 2

Apply Step 3 and solve the the new system of equations with augmented matrix [C'|d]. This new
system has the same solution set as (1.7):

T =0
xT9 =-1

Tr3 = 2.
and thus the solution set is S = {(0,—1,2)}. Thus, the linear system (1.7) has only one solution.

In the following problem, we shall again use the Gauss-Jordon Elimination to solve a system of
linear equations. This linear system will have an infinite number of solutions.

Problem 4. Find the solution set of the system of equations

T3+ 2xy — x5 =4

T4 — Ty = 3 (1.8)
T3+ 31y — 225 =7
2x1 4+ 4z + 23 + Ty =7

by Gauss-Jordan elimination.

Solution. We will (1) form the augmented matrix [A|b] of the system (1.8), (2) transform the
augmented matrix into reduced echelon form [C'|d], and (3) solve the new system of equations
having the augmented matrix [C'|d]. The solution of the system with augmented matrix [C'|d]
will also be the solution of the system (1.8).

We now apply Step 1 of the Gauss-Jordon elimination method. We construct the the augmented
matrix

0012 -1 14
0001 -1 3
[A[b] = 0013 -2 7
2417 07
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We now perform the following the row operations on the augmented matrix:

23

0 01 2 -1 4
0 00 1 -1 3
[Alb] = 0 01 3 -2 7

| 2 4 1 7 0 7 |
(R1 <> R4) & (R2 < R3)

[ 2 4 1 7 0 7]
0 01 3 =2 7
000 1 -1 3

| 0 0 1 2 -1 4
—R2+ R4 — Ry

[ 2 4 1 7 0 7]
0 01 3 -2 7
000 1 -1 3

| 0 0 0 -1 1 -3 ]
Rs+ Ry — Ry

[2 4 1 7 0 7
0 0 1 3 -2 7
000 1 -1 3

| 0 0 0 0 0 0 |
—Ro+ Ri1 — R

[ 2 4 0 4 2 07
0 01 3 =2 7
000 1 -1 3

| 0 0 0 0 0 0 |
%R1—>R1

1 2 0 2 1 0
001 3 -2 7
000 1 -1 3

| 0 0 0 0 0 0 |
(—3R3 4+ Ry — R2) & (—2Rs + R1 — R1)

1 2 0 0 3 —6 ]
0 0 1 0 1 -2
[Cld] = 0 00 1 -1 3

| 0 0 0 0 0 0 |

The matrix [C'|d] is in reduced echelon form, and from [C'|d] we get the following new system of
equations which has the same solution set as (1.8):

T + 2x0 + + 3x5 = —6
xs3 + x5 = -2
T4 — I5 = 3.
In the above system of equations, the variables x1,x3, x4 are called the leading variables or the
dependent variables. On the other hand, the variables xo and x5 are called the free variables or the
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independent variables. Now, solving for the leading variables x1, x3, x4 we obtain

I :*21‘2*31‘5*6
T3 =—T5 — 2
T4 = x5+ 3.

Since xo and x5 are free variables, we will replace them with r and s, respectively, to obtain the
solution

1 =—-2r—3s—6

o =T
T3 =—85—2
Ty =5+3
Irs = S

where r and s are arbitrary, and hence, the solution set is
S={(-2r—3s—6,r,—s—2,s+43,s) : r and s are arbitrary real numbers}.
Therefore, there are an infinite number of solutions to the system (1.8).

Remark 1.2.5. When a consistent system has free variables in its “reduced echelon form system,”
then the original system always has an infinite number of solutions.

1.2.3 How to Recognize an Inconsistent System?

Suppose we have the linear system of equations

a11T1 + a2 + -+ a1y, = by
ao1x1 + agexo + -+ + aspTn = ba

az1x1 + azaT2 + -+ azpr, = b3 (1.9)

Am1T1 + Q2T + -+ AGpp Ty = by

and we want to determine if the system has a solution. We form the augmented matrix

a1 a2 -+ aiy by

as1 a2 -+ Az, b
[A[b] =

Aml Am2 - (Qmn bm

and perform row operations on [A|b] to transform this matrix to a new matrix [C|d] in reduced
echelon form. If [C'|d] has the form, say

ci1 c2 -+ cip O
co1 €22 -+ cap O
c|dj=f{ 0 0 -~ 0 1],
0O 0 --- 0
L0 o0 0 0|
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then the system (1.9) has no solutions. Why? Because this last non-zero row represents the
equation
0xy 4+ 0xo+ -+ 0x,, = 1.
)

Since this equation has no solutions, the original system (1.9) is inconsistent, that is, the system
(1.9) has no solutions.

Exercises 1.2

Pages 26 to 27 of text — #11, 13, 15, 17, 19, 23, 25, 27, 29, 37, 39.

1.3 Consistent Systems of Linear Equations

Theorem 1.3.1. Let [A|b] be the augmented matrix for the consistent system in n unknowns

a1 + apra + -+ aipx, = by
a21T1 + G222 + -+ ATy = by

a31x1 + az2T2 + -+ agpxTn, = b3 (1.10)

Am1T1 + Ama®2 + - -+ QmnTp = by,

Let [C'|d] be the reduced echelon form of [A|b]. Suppose that [C'|d] has r many leading ones.
Then r < n and there are n — r free variables in the final solution to (1.10). In addition,

1. If r = n, then the solution to (1.10) is unique.
2. If r < n, then there are an infinite number of solutions to (1.10).

Proof. (Review Problem 4 on page 22.) We consider the augmented matrix

ail a1 e A1n b1

asy a2 ... a, bo
[A|b] =

Amli Gm2 --- Qmn bm

and perform row operations on [A | b] to transform this matrix to the new matrix [C'| d] in reduced
echelon form. Since the system (#) is consistent, the reduced echelon matrix [C'|d] must be of the
form (with all non-zero rows on top)

1 co0 13 -+ cn d
0 co9 o3 -+ cCop do
0 0 c33 -+ c3n d3
0 0 0 cee Con d4
Cld =i i -
0 0 0 Crn  dr
0 0 0 0 O
L0 0 0 0 0 |
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Let r be the number of leading ones in the matrix [C'| d]. Recall that n is the number of variables
in the system (#) and that n is also the number of columns in the matrix C'. Each non-zero row in
[C'| d] has exactly one leading 1. Since the system is consistent, we see that no leading 1 can occur
in d. So all of the leading 1’s must occur in some (or all) of the columns in C. Therefore, r < n.
In addition, if » = n, then there is a unique solution, because there would be no free variables.
Also, if r < n, then there are n —r > 0 many free variables and hence, there are an infinite number
of solutions (we may choose any values we want for the free variables and then get the required
values for the leading variables and thus, we can get an infinite number of solutions to the system).
This completes the proof. O

Corollary 1.3.2. Let [A|b] be the augmented matrix for the system in n unknowns and m
equations:

a11x1 + a2r2 + -+ anTy = by
a21x1 + a2T2 + -+ apT, = by

as1x1 + asexo + -+ aspTn, = bs (1.11)

Am1T1 + Am2T2 + - + AmnTn = by
If m < n, then either the system (1.11) is inconsistent or it has an infinite number of solutions.

Proof. Assume that m < n. If the system is inconsistent, then we are done. So, suppose that the
system is consistent. Clearly, the number of rows in the reduced echelon form [C'|d] is equal to m
(since the matrix [A|b] has m rows). Hence, one can see that the number r of non-zero rows in
the matrix [C' | d] must satisfy 7 < m. Now since since m < n, it follows that » < n. Theorem 1.3.1
implies (see item 2 above) that the system must have an infinite number of solutions. O

1.3.1 Homogeneous Linear Systems of Equations

Definition 1.3.3. A system of linear equations is said to be homogeneous if all the b;’s are 0, that
is, the system has the following form:

a11x1 + apre + -+ appry, =0
211 + a22T2 + -+ agxy, =0
a31r1 + agexs + -+ agpxy, =0 (1.12)

Am1T1 + Amax2 + - -+ + amp ey = 0.

Remark 1.3.4. The homogeneous system (1.12) is always consistent because it has the trivial
solution z; = 0,22 = 0,...,2, = 0. We are interested in homogeneous systems which have
non-trivial solutions.

The next Theorem 1.3.5 gives a condition which, when satisfied, will guarantee that a homo-
geneous system has an infinite number of solutions. This theorem follows immediately from the
above Corollary 1.3.2; however, we shall present a proof of Theorem 1.3.5 that “illustrates” the
proof of Corollary 1.3.2.

Theorem 1.3.5. If the homogeneous system (1.12) of linear equations has more unknowns than
equations (that is, if m < n), then the system has infinitely many solutions.
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Proof. Since the argument is easy to generalize, we shall consider only the special case when m = 3
and n = 5. So, let [A| 6] be the augmented matrix

a1 a2 a1z aia ais O
[A|6] = | a1 aze a3 aza azs O
azr azz azz azs azs O

After performing row operations on [A | 6], we can transform this matrix to a new matrix [C'| 0] in
reduced echelon form. [Note: the column of zeros 6 is preserved under elementary row
operations.] Now, because there are only three rows in the matrix [A | 8], there can be at most
three leading 1’s in the matrix [C'| 6]. (This implies that at least two of the five unknowns can be
chosen arbitrarily.) Without loss of generality we can assume that [C'| 8] has the form

1 C12 0 0 C15 0
[ClO)=|0 0 1 0 cp 0
0 0 01 C35 0

Since x1,x3, x4 are leading variables, xo and x5 are free variables. We will replace xo and x5 with
r and s, respectively, to obtain the system solution by solving for the leading variables z1, x3, x4
(see the previous examples):

Ir1 = —C12T — C15S8
To =T

Tr3 = —Co58

Ir4y = —C35S8

Irs = S

where r and s are arbitrary, and hence, there are an infinite number of solutions to the system.
This completes the proof of the theorem. O

Exercises 1.3

Pages 37 to 38 of text — #1, 2, 3, 4, 21, 22, 23, 24.

1.5 Matrix Operations

Definition 1.5.1. An m X n matrix is a rectangular array of numbers of the form

aii a12 e aln

a1 azr -+ A,
A=

Gm1 Am2 *°  Omp

and the number a;; is called the ij ™ entry of the matrix A. We shall sometimes write A = [@is) e
as shorthand. Also, we shall sometimes write A,,x, when we want to emphasize the “size” of the
matrix A. For notational convenience we shall write

ai=|a1 ag - Qin |
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for the i*" row of the matrix A; and we shall write

for the j** column of the matrix A.

For example, the 4 x 5 matrix

A4><5 =

has a1 = 2, and a43 = 5. The 2nd row of A is
ap=[—-2 0 20 © —4]

and the 3rd column of A is

3
20
Az = 3
5
Definition 1.5.2. Two matrices, say A = [a;j],...,, and B = [b;;] . are equal if and only if they
have the same size and entries, that is, a;; = b;; for all 7, j.
1.5.1 Matrix Addition and Scalar Multiplication
Definition 1.5.3. Given A = [a;] .., and B = [b;] .., we define A+ B = [c;j] ., where
Cij = Q45 + bl'j.
Example 1.
1 -1 2 3 10 -1 3 2 -1 1 6
0 10 =40+ 1]1 0 1 41| =11 11 1
2 3 1 4 0 -1 9 6 0 2 10
Definition 1.5.4. Given A = [a;;], ., and a scalar (real number) d, define scalar multiplication
by dA = [daij]mxn'
Example 2.
1 - 3 2 -2 4 6
210 0 40| =10 2 0 —-80
2 0 3 1 4 0 6 2
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1.5.2 Vectors in R"

I
x2
Definition 1.5.5. R" is the space (set) of all n-vectors x = ) where each component x;
Tn
is a real number and is called the i-th coordinate.
I1 Y1
. " s X2 Y2 | .
Definition 1.5.6 (Vector Addition). The addition of vectorsx=| | |andy=| . | inR"
In Yn
1+
) T2 + Y2
is defined by x +y = .
T + Yn
1
L2
Definition 1.5.7 (Scalar Multiplication). The scalar multiplication of a vector x = | . | by
Ty,
CT1
cx

a scalar c is defined by cx =
CTy

Problem 3 (Combining vector addition and scalar multiplication). Consider the two vectors in
R* given by

1 -2
2 -3
x=1 4 and y = 1
4 2

Evaluate the “linear combination” x1x + x2y, where x1, x2 are scalars in R.

Solution.
1 -2 11’1 —2{[,‘2 11‘1 — 2:132
. 2 -3 . 21’1 —3332 o 2.%1 - 3.%2
TIX A+ T2y = 11 3 + 2 1 - 3T + lzo - 3r1 + x2
4 2 4z 219 41 + 229

Problem 4 (Going Backwards). Suppose that you are given the vector

2.%'1
—3%1 + 22
—9
T, — 4xo

7z =

in R*, where z1, 9 are scalars in R. Find vectors x and y in R* so that z = x1x + z2y.
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Solution.
21‘1 2 0
g — =31 + T2 ~ 2 -3 + 2 1
—XI2 0 -1
Tr1 — 4.%'2 1 —4

1.5.3 Vector Forms of General Solutions of Linear Systems

Having defined vectors, vector addition and vector scalar multiplication, we now derive the vector
form of the generalized solution of a linear system as follows:

Problem 5. Find the vector form of the generalized solution of the system of equations

T3+ 2xy — x5 =4

T4 — Iy = 3 (1.13)
r3 4+ 3xy — 205 =7
2x1 + 4x9 + x3 + T4 =7

Solution. Using Gauss-Jordan elimination on the augmented matrix

0012 -1 4

0001 -13
[A[b] = 0013 =27
2417 07

we obtain (see Problem 4 on page 22) the reduced echelon form matrix

1200 3 -6
0010 1 -2
c1d} = 0001 -1 3
0000 O O

From [C'| d] we get the following new system of equations which has the same solution set as (1.13):
T, + 220 + + 3x5 = —6
xs + x5 =-2

T4 — Ty =23.

Note that the independent variables are xo and x5, and the dependent variables are x1, x3, x4. Now,
solving for the leading variables x1, 3, x4 we obtain

.TU1:—2.%'2—3.%'5—6
:E3:—$5—2
T4 = T5+ 3.

Since xo and x5 are free variables, we get the solution

1'1:—2132—3135—6
T2 = T2
1‘3:*.%5*2

T4 =I5+ 3

T5 = T5.



1.5. MATRIX OPERATIONS 31

Putting this into vector notation, we obtain

I —2x2 — 3x5 —6
z2 T2
x= | x3 | = —xr5 — 2
T4 T5+ 3
Is 5

Thus the the vector form of the generalized solution of the system (1.13) is given by

T —2 -3 —6
T9 1 0 0
x=| x3 | =22 O | +axs| -1 |+ | —2
T4 0 1 3
s 0 1 0

where x5 and x5 are arbitrary real numbers.

1.5.4 Matrix Multiplication

Definition 1.5.8. Given A = [a;j]
[Cij],psen, Where

mxp and B = [bij]pxm we define AB = [aij]mxp [bij]an =

Cij = ailblj + aigbgj +---+ aipbpj

and so,
[ ann oaiz - aip ]
a21 a2 T a2p bll b12 . blj e bln c11 C12 . Cin
bar by --- | boj |- by C21  Ca2  cct Cop
AB = . . . . - . .
a;1 Q2 - Qp : : : : : : Cij
bpl bma - bpj e bpn Cml Cm2 - Cmn
L Gm1 Gm2 - Gmp |
Example 6.
2 -2 1 3 g _1 _?) 6 4 11
0 2 0 -8 5 0 Ll = 6 —2 —6
4 0 3 2 9 0 0 26 4 11

Remark 1.5.9. AB = A,,«,Bpxn is defined if and only if the “inside dimensions” agree.

Remark 1.5.10. Even when AB and BA are both defined, it does not follow that AB = BA.
Thus, matrix multiplication does not satisfy the commutative law.

Remark 1.5.11. AB = AC does not necessarily imply that B = C. Thus, matrix multiplication
does not satisfy the cancellation law.
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1.5.5 Using Matrix Equations to Represent Linear Systems

Using matrix multiplication, a set of m linear equations in the n unknowns x1,...,z,

a11T1 + a2 + -+ a1pTn, = by
a21T1 + a22T2 + -+ ATy = by
as1x1 + asexo + -+ + aspTn, = bs (1.14)

Am1T1 + @m2T2 + -+ QnTn = by

can be written as

a1 a2 ... Qip 1 b1
az1 a2 ... Q2 ) bo
am1 am2 Amn Tn b,
or more simply as
Ax =D
I b1
T9 b
where A = [a;;] is the coefficient matrix of the system (#),x=| . | and b=
Tn bm

Example 7. Given the system of equations

1+ 2o+ 223=9
2x1 + 929 — 10z3 = 39 (1.15)
1 —6xe + 3= —27.

the coefficient matrix is given by

1 1 2
A=12 9 -10
1 —6 1
9
and the column vector b is given by b = 39 |. The column vector of the unknowns is
—27
1
x = | xo |. Thus, the linear system (1.15) can be written in matrix notation as Ax = b.
x3

Problem 8. Let A and b be as in the above Example 7. Solve the matrix equation Ax = b for x.

Solution. Form the matrix [A|b] and put it into reduced echelon form. You will get the solution
2

x = | 5 | (see Problem 5 on page 17).
1
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1.5.6 Other Ways to View Matrix Multiplication
Theorem 1.5.12. Let A be the p x m matrix

a1 a2 -+ alp
a1 a2 - agp
A= : : : =[A1 Ay -+ A,

Am1 Gm2 - Omp
T

th . x2 .

where A; € R™ denotes the j** column of A. Given a p x 1 column vector x = . the matrix

Tp

product Ax is a m x 1 column vector. In addition, Ax can be written as a “linear combination” of
the columns of A as follows:

a1 a2 - aAip T
as1 a2 - ag T2

Ax = . . . . =21A1 +22A0 + -+ T, A,
aml am2 - amp Tp

Theorem 1.5.13. Let A be an m x p matrix and let B be the p X n matrix

bi1 bz -+ bip
bar bay -+ bay

B=| . . . |=[B1 By -+ B, |
bpi bz - bpn

where B; € RP denotes the jth column of B. The product AB; is an m x 1 column vector and, in
addition, the matrix product AB can be expressed in another way:

AB=] AB; AB; --- AB,].

Exercises 1.5

Pages 58 to 60 of text — #1, 7, 9, 11, 13, 15, 31, 33, 43, 45, 47, 61, 65(b).

1.6 Algebraic Properties of Matrix Operations

00 0
00 --- 0
Definition 1.6.1. We shall write O = O,y5n = | . . .| for the m x n zero matrix.
00 --- 0
Definition 1.6.2. When A is a n X n matrix of the form
aip a2 -+ Qin
a1 G2 - Q2p

A=

apl1 Qp2 -+ Gpp
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we say that A is a square matrix and we call the entries a1, a0, ..., ay, the main diagonal.
The n x n identity matrix is defined to be

10 0
0 1 0
I=1I,=

where 1’s are on the diagonal, for the n x n identity matrix.

Theorem 1.6.3 (Matrix Addition). The follow algebraic properties hold for matrix addition:

1. A+B=B+ A (addition commutes)
2. A+(B+(C)=(A+B)+C (addition is associative)
3. A+ O =0+ A = A, where O has the same size as A (additive identity)
4. A—-A=0 (additive inverse)

Theorem 1.6.4 (Matrix Multiplication). The follow algebraic properties hold for matrix multipli-
cation:

1. A(BC)=(AB)C (multiplication is associative)
2. AB+C)=AB+ AC (distribution property)
3. (A+B)C = AC+ BC (distribution property)
4. AI =TA = A, where A is a square matrix (multiplicative identity)

() AO=0A=0
Theorem 1.6.5 (Scalar Multiplication). If » and s are scalars and A and B are matrices, then
1. r(sA) = (rs)A
2. (r+s)A=rA+sA
3. 7(A+B)=rA+rB
4. A(rB) =r(AB) = (rA)B.

1.6.1 The Transpose of a Matrix

Given the m x n matrix

ail ai2 e a1n

a1 a22 e a2n
A=

aml Am2 " Omn

we define the transpose of A, to be the n x m matrix

aiyp azr -+ Qaml

AT a2 a2 - am2

A1n  A2n, *** Qmn
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The first row of A becomes the first column of AT, the second row of A becomes the second column
of AT, and so forth. Thus, the last row of A becomes the last column of AT

Example 1. Here is a matrix and its transpose:

1 2 3 4 ;2190
A=|5 6 7 8 AT:3711
9 10 11 12 L8 19

Theorem 1.6.6 (Transpose Properties). If A and B are matrices, then
1. (A+B)T = AT + BT
2. (AB)T = BT AT

3. (AT =4
Example 2. Here is an example of item 2 in Theorem 1.6.6.Let
0 1
A= [ ; _‘i) ?)) } and B=|2 2
3 —1
Then -
- 1[0 1]
BT = (|} _i’ g 2 2 —[1§ _;]
13 -1
and _ -
- -1 2
0 2 3 12 7
BT AT = 3 -1 |= { } :
|1 2 -1 2 3 5 —3

Definition 1.6.7. Given a square n X n matrix A, we say that A is symmetric if A7 = A.

For example, the matrix

1 -3 4 8

— 6 2 =5

A= 4 27 3
8§ =5 3 —4

is a symmetric matrix because A = AT

1.6.2 Powers of a Square Matrix
Given a square matrix A we define, for natural numbers p,
A'=1
Al =A
AP = AA--- A

pmany times

Theorem 1.6.8. If A is a square matrix, and p and ¢ are natural numbers, then AP A? = APT4¢
and (AP)? = AP1,
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1.6.3 Scalar Products and Vector Norms

I Y1
o T2 Y2 .
Definition 1.6.9. Let x = . and let y = . be vectors in R”. The scalar product
Tn Yn

(or dot product), denoted by x -y, is defined by
X y=x'y=az1y1 +T2y2 + - + Tn¥n-

Definition 1.6.10. The zero vector 6 in R™ has all its components equal to 0, that is,

We now state some properties of the scalar product.
Theorem 1.6.11. If x, y, and z are vectors in R"™ and c is a scalar, then
1. x-0=0.

2. x+x > 0. Furthermore, x - x = 0 if and only if x = 0
3. X y=y-X
4. (x+y)z=x-z2+y-z
5. (ex)-y=x-(cy) =c(x-y)
Proof. These properties can easily be checked. We prove item 2 by noting that

X+x=2x]+25+ - +a5>0.

Furthermore,
x-x=0if and only if 23 + 23 +--- +22 =0
ifand only if zy =20 =--- =2, =0
if and only if x = 6.
This completes the proof of item 2. O
x1
T2
Definition 1.6.12. The norm (or length) of a vector x = | . | in R" is defined by
L,
Il = V&X = o} + a3+t ad
I Y1
. . x2 Y2 | .
Definition 1.6.13. The distance between the vector x = . and the vector y = ) is
T Yn
defined by

Ix =yl =Vx—y)(x=y) = V(o1 —y1)* + (@2 = y2)> + - + (@0 — yn)?
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Exercises 1.6

Pages 69 to 70 of text — #1, 3, 5, 7, 13, 17, 19, 23, 41, 43, 49.

1.7 Linear Independence and Nonsingular Matrices

1.7.1 Linear Combinations
The next idea is one of the most fundamental concepts in Linear Algebra.

Definition 1.7.1. A vector x is a linear combination of the vectors A1, Ao, ..., A, if it can be
expressed in the form
x=121A1 +22A0 + - +x,A,

where x1,xo, ..., T, are scalars.

Example 1. Consider the three vectors in 4-space:

1 1 1
2 0 1
Al - 1 7A2 - 2 )A3 - O
-1 -3 -2
2
1
Is the vector b = 5|2 linear combination of the vectors Aq, Ay, A3? In other words, are
-5
there are numbers z1, x99, x3 satisfying the vector equation
T1A1 4+ 22A9 + x3A3 = b? (116)

To answer the question, first let the vectors A1, Ao, A3 form the columns of a matrix A and let x
be the column vector consisting of the unknowns x1, xs, 3, that is,

1 1 1 .
2 0 1 !
A:[Al AQ Ag]: 1 9 0 and x = i)
1 -3 -2 T3

Now, notice that the following 5 equations are equivalent:

1. 1A +29A9 +23A3=D

1 1 2

2 0 1

2. 11 1 + x2 9 + x3 = 5
—1 -3 — -5

lzy + lag + 1x3
2r1 + Ozo + 1lxg
lzy + 229 + Ox3
—1.’L‘1 - 31‘2 - 2.%3 -

e — | N O ==

[S52 B2 B ]
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1 1 1 2
L2011
: 1 2 0 2171 5

1 -3 -2 T3 -5
5 Ax=Db

Therefore, x1, x2, x3 is a solution to vector equation (1.16) if and only if x is a solution to the linear
system Ax = b. Transforming the augmented matrix [A|b] into reduced row echelon form we
obtain

1 00 1
010 2
001 -1
000 O
Therefore, the solution x; = 1, x9 = 2, and z3 = —1 satisfies vector equation (1.16), that is,

b =1A; +2A5 + —1Aj3 (verify!).
Hence, the vector b can be written as a linear combination of the vectors A, As, As.
From the above solution in Example 1, we can make the following observation.
Theorem 1.7.2. Let A1, Ao, ..., A be a list of vectors in R™; and let A be the matrix
A:[Al Ay, - Ak].

A vector b in R™ can be written as a linear combination of the vectors Aj, Ao, ..., Ay if and only
if the linear system Ax = b has a solution x.

Linear Combination Algorithm. In R", to determine if a given vector b can be written as a
linear combination of the vectors A1, Ao, ..., Ay:

Step 1. Form the equation x1A1 4+ x0Ag + -+ A = b.

Step 2. Rewrite the equation in Step 1 in the form Ax = b where
z1
T2

AZ[Al AQ Ak} and x =

T

Step 3. Using Gauss-Jordon elimination, solve the linear system Ax = b for x.
Step 4. Either you found a solution or you found that there is no such solution.

e If the system Ax = b does have a solution x1, xs, ...z, then this solution shows that
b can be written as a linear combination of vectors Ay, As, ..., Ag. One should verify
that b = 21A1 + 290As + - - - + 2 AL,

e [f the system Ax = b has no solution, then b can not be written as a linear combination
of vectors A1, Ao, ..., Ay.
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1.7.2 Linear Independence

Definition 1.7.3. A set of vectors S = {Aj,As,...,Ax} in R” is linearly dependent if the
vector equation

T1A1 +22A0 + -+ 2, AL =0 (1.17)
has a non-trivial solution x1, o, ..., x;. The set of vectors S is linearly independent if equation
(1.17) has only the trivial solution z; = x9 = -+ =z, = 0.

Remark 1.7.4. A set of vectors S = {Aj,Ag,...,Ax} is linearly independent if and only if
1A +22A0 4+ - - + 2 Ay, = 0 implies vy =29 = - - - =2, = 0.

We will often say that the vectors Aq, Ag, ..., A are linearly independent rather than say that
the set of vectors {A1, Ag,..., Ay} is linearly independent.

Problem 2. Consider the three vectors in 4-space (R%):

1
0
A= A= |y | A=

1
2
1
-1 -3 —

OO

Are the vectors A1, As, Ag linearly independent?
Solution. The answer is “yes,” if the only solution x1, s, 3 to the vector equation
T1A1 + 29A9 + 13A3 =0 (1.18)

is the trivial solution x1 = x9 = x3 = 0. To answer the question, we first let the vectors A1, Ao, A3
form the columns of a matrix A and let x be the column vector consisting of the unknowns z1, z2, 3,
that is,

1 1 1 .
2 0 1 !
A:[Al AQ Ag]: 1 9 0 and x = ig
-1 -3 -2 3

Once again, notice that the following 3 equations are equivalent:

1. 21A1 + 20A9 +23A3 =0

1 1 1 0
o | 2 0 o
' 1 2 0 21 =1
1 -3 -2 *3 0

3. Ax =26

Therefore, x1, 2, r3 is a solution to vector equation (1.18) if and only if x is a solution to the
linear system Ax = 6. Transforming the augmented matrix [A | 6] into reduced row echelon form
we obtain

Therefore, the only solution to the vector equation (1.18) is the trivial solution 1 = 0, 9 = 0,
and x3 = 0. Hence, the vectors A1, As, A3 are linearly independent.



40 CHAPTER 1. MATRICES AND LINEAR SYSTEMS

From the above solution for Problem 2, we can make the following observation:
Theorem 1.7.5. Let S = {A1,Ag,..., A} be a set of vectors in R"; and let A be the matrix
A:[Al Ay - Ak].

The set of vectors S is linearly independent if and only if the homogeneous system Ax = 6 has
only the trivial solution x = 6.

Linear Dependence Algorithm. In R", to determine if a given set of vectors
{A1,Aq,..., A}
is linearly dependent:
Step 1. Form the equation x1A1 + x90Ags + - + 2. AL = 6.
Step 2. Rewrite the equation in Step 1 in the form Ax = @ where
1
Z2

A:[Al A.2 Ak}andx:

Lk

Step 3. Using Gauss-Jordon elimination, solve the linear system Ax = 6 for x.

Step 4. Either you found a non-trivial solution or that the only solution is the trivial solution.

e If the system Ax = 0 has a non-trivial solution x, then the vectors Ay, Ao, ..., Ay are
linearly dependent. You should verify that your non-trivial solution x1,xs, ..., Tk
satisfies the vector equation z1 A1 + zo0As + - - + x A = 6.

o If the system Ax = 0 has only the trivial solution x = 0 (thatis x1 = x9 = --- = 2, = 0),
then the vectors Ay, Ao, ..., A are linearly independent.

Remark 1.7.6. The Linear Dependence Algorithm can also be implemented as follows: To de-
termine whether or not the vectors Aq, Ag,..., A, are linearly independent, form the matrix
A=]A; Ay --- A;]. Put (transform) the matrix A into reduced echelon form, obtaining
the matrix B. If the matrix B has k many leading 1’s, then the vectors A1, Ao,..., Ay are linearly
independent. If the matrix B has less than k£ many leading 1’s, then the vectors A1, Ao, ..., Ag
are linearly dependent.

Theorem 1.7.7 (Zero-One Law). Let Aj, Ao, ..., Ay be vectors in R™. Suppose that each one of
these vectors has an i-th coordinate equal to 1 while all of the other vectors have 0 in their i-th
coordinate. Then the vectors A, Ag,..., Ay are linearly independent.

We illustrate the proof of Theorem 1.7.7 with an example.

Example 3. Consider the vectors A, Ay, Az in R*

Alz ,A2: 7A3

O = NN O
OO W
= O = O
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Note the A; has a 1 in the 3rd coordinate while As and A3z have 0 in the 3rd coordinate. The
vector Ao has a 1 in the 1st coordinate while A; and Az have 0 in the 1st coordinate. Finally, we
see that Ag has 1 in the 4th coordinate while A; and A3 have 0 in the 4th coordinate. Thus, each
one of these vectors has an i-th coordinate which is 1 while all of the other vectors have 0 in their
i-th coordinate. We now show that the vectors A1, Ao, A3 are linearly independent. Suppose that
1,22, x3 € R satisfy

T1A1 + 29A9 + 23A3 = 0.

Hence,
0 1 0 0
2 3 4 0
T 1 + 29 0 + x3 0 = 0
0 0 1 0
Hence,
T2 0
221 + 3xo + 4x3 0
1 - 0
T3 0

We conclude that x; = xo = 3 = 0. Therefore, the vectors A1, Ao, A3 are linearly independent.

Definition 1.7.8. The unit vectors e, es, ..., e, in R are defined by
[ 1] [0 ] [0 ] [0 ]
0 1 0 0
0 0 1 0
€] = 0 , €2 = 0 , €3 = 0 ) y ©n = 0
| 0 ] | 0 ] | 0 | | 1]

We shall refer to e as the 1st unit vector, es as the 2nd unit vector, and so on. More specifically,
we shall refer to the unit vector e; that contains a 1 in its i-th coordinate as the i-th unit vector.

The following should be noted:
1. Tt is easy to see that the set {ej,es,...,e,} is linearly independent.
2. I =[e; e2 - e,] where I is the n x n identity matrix.

Definition 1.7.9. Let A be a square n x n matrix. The matrix A is nonsingular if the only solution
to Ax = 0 is x = 6. We say that A singular if there is a non-trivial solution to Ax = 0, that is, a
solution x # 6.

Remark 1.7.10. For a square matrix A, A is nonsingular if and only if Ax = @ implies x = 6.

Theorem 1.7.11. Let A =[A; Ay --- A,] be a square n x n matrix. Then A is nonsingular if
and only if the set of vectors {Aj, Ag,...,A,} is linearly independent.

Proof. This follows from Theorem 1.7.5 above, where k = n. O
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Problem 4. Let
111
A=12 01
1 20
(1) Show that A is nonsingular. (2) Show, for any vector b, that Ax = b has a unique solution.

Solution. We solve (1) and (2) below:

(1) To show that A is nonsingular, we must show that only solution to Ax = 6 is x = 0. Putting
the augmented matrix

1110
[Al@]=2 0 1 0
1 2 00
into reduced echelon form, we get
1 0 00
[I16]=10 1 0 0
0010

Thus the only solution to Ax = 0 is x = 6. Note that A is row equivalent to the identity
matrix .

(2) We must show, for any vector b, that Ax = b has a unique solution. By performing the same
row operations as in (1), the augmented matrix

111 b
[Albl=|2 0 1 b
1 20 bs

can be put into reduced echelon form. We will get a matrix of the form

1 0 0 dy
Ildl=]0 1 0 do
0 0 1 ds

Thus the only solution to Ax = b is x = d.

Remark 1.7.12. Let A be a square n x n matrix. In the system Ax = b the number of variables
(z1,...,xy) is the same as the number of equations. Consequently, if the system Ax = b has a
unique solution then, as in the above two examples, the augmented matrix [A | b] can be transformed
by row operations to the matrix [I|d] where I is the n X n identity matrix. Note that all of
the variables in the reduced echelon system Ix = d are “leading variables” and hence, they are
completely determined and the solution is unique.

Problem 5. Let

b

Il
W N =
—_ o
N — =

Show that A is singular.
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Solution. Putting the augmented matrix

1110
[All=]12 0 1 0
31 0
into reduced echelon form, we get
1 0% 0
Cle]=]0 1 5 0
0 0 0O
~1/2
Note that C' # I. Thus there is a nontrivial solution to Ax = 0; for example, x = | —1/2 | is one
1

of an infinite number of solutions.

The next theorem actually appears as Theorem 16 in section 1.9 of the text. However, we shall
now state and prove this theorem.

Theorem 1.7.13. Let A be a square matrix. Then A is nonsingular if and only if A is row
equivalent to the identity matrix 1.

Proof. Let A be a square matrix.

(=). First we prove that if A is nonsingular, then A is row equivalent to the identity matrix I.
Assume A is nonsingular, that is, the unique solution to Ax = 0 is x = 8. We prove that A is row
equivalent to the identity matrix I. We are assuming that the unique solution to Ax = 0 is x = 6.
Consider the augmented matrix [A | 6]. Now transform this augmented matrix into reduced echelon
form, say [C'| 6], by a sequence of row operations. Since the solution to the system is unique, it
follows that there must be n many leading 1’s. Therefore, we must have that [C'|0] = [I| 8]. Note
that the same sequence of row operations transforms the matrix A to the identity matrix I. Hence,
A is row equivalent to the identity matrix I.

(«<). Now we prove that if A is row equivalent to the identity matrix I, then A is nonsingular.
Assume A is row equivalent to the identity matrix I. We prove that A is nonsingular, that is, we
prove that the only solution to Ax = 0 is x = 8. We now solve Ax = @ by using the augmented
matrix [A]60]. Since A is row equivalent to the identity matrix I, there is a sequence of row
operations applied to A that yields the identity matrix I. Apply these same row operations to the
matrix [A]6]. We will thus obtain the matrix [I|6] and hence, x = 6 is the unique solution to
Ax = 0. Therefore, A is nonsingular. O

Theorem 1.7.14. Let A be a square matrix. For each b € R™ there is a unique solution to Ax = b
if and only if A is nonsingular.

Proof. Let A be a square matrix.

(=). First we prove that if for each b € R™ there is a unique solution to Ax = b, then A is
nonsingular. Assume for each b € R” there is a unique solution to Ax = b. We prove that A is
nonsingular, that is, we prove that the only solution to Ax = 6 is x = 8. We know that x = 6 is
a solution to Ax = 6. But for b = 0 our assumption implies that x = @ must be the only such
solution. Therefore, A is nonsingular.
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(«<). Now we prove that if A is nonsingular, then for each b € R"™ there is a unique solution to
Ax = b. Now since A is nonsingular, we know by Theorem 1.7.13 above that A is row equivalent
to the identity matrix I, that is, there is a sequence of row operations which transform A to I. So,
we can solving the system Ax = b by applying these same row operations to the augmented matrix
[A|Db] and thus, obtain [I|d]. Hence, the only solution to Ax = b must be x = d. Therefore, for
each b € R™ there is a unique solution to Ax = b. ]

Theorem 1.7.15. Let A be a square n x n matrix. Assume that A is nonsingular. Then for any
x,y € R", if Ax = Ay, then x =y.

Exercises 1.7

Pages 78 to 79 of text — Odds #1-9; 16, 17, 21, 22, 29, 31, odds 35—45; 49. Prove Theorem 1.7.15.

1.9 Matrix Inverses and Their Properties

Theorem 1.9.1. Let A be square n x n matrix, and let B and C also be n x n matrices. Suppose
that (1) AB=BA=1and (2) AC=CA=1. Then B=C.

Proof. Let A be square n X n matrix, and let B and C' also be n X n matrices. Suppose we have
that (1) AB=BA =1 and (2) AC=CA=1. Then

AB=BA by (1)
(AB)C = (BA)C multiplying by C on the right
(AB)C = B(AC) by associativity

1C = BI by (1) and (2)
C=8B because I is the identity matrix.
Therefore, B = C' and this completes the proof. O

Theorem 1.9.1 allows us to make the following definition.

Definition 1.9.2. A square matrix A is invertible, if there is a matrix B (of the same size as A)
such that AB = BA = I. We call this matrix B the inverse of A and denote it A~!. If a square
matrix A has no inverse, then A is called noninvertible.

2 3
2 2
that AB = BA = I,. Hence, A is has an inverse and A~! = B.

—1
1 —

= W

Example 1. Let A be the matrix A = { } . One can check for the matrix B = [

1.9.1 Using Inverses to Solve Linear Systems

When a linear system has the same number of equations as the number of variables, there is a new
method for solving the system if the square coefficient matrix is invertible.

Theorem 1.9.3. If A is an invertible n x n matrix, then for any b € R™ the system of equations
Ax = b has exactly one solution.
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Proof. We prove that if A is an invertible n xn matrix, then for each b € R" the system of equations
Ax = b has exactly one solution. So assume that A is invertible, that is, A~ exists. We prove that
for any b € R" the system of equations Ax = b has exactly one solution. Let b € R™ be arbitrary.
We must show that the system Ax = b has exactly one solution. That is, we want to solve for the
x € R™ such that Ax = b. By multiplying both sides of the equation Ax = b by A~ we get

A Ax=A"Tp
Ix=A""b
x = A"'b.
Therefore the one and only solution is x = A~'b. This completes the proof of the theorem. O

Example 2. Consider the system of equations

3r1+4x9 — x3=1
T + 3x3 =2
2x1 + bry — dx3 = —1.

We write this system in matrix form

3 4 -1 T 1
1 0 3 ) =
2 5 —4 T3 -1
3 4 —1 il 1
where A= |1 0 3|, x= |2y | and b= 2 |. Using a method for getting A~! (see
2 5 —4 T3 -1
section 1.9.4) one obtains
3 _ 11 _6
2 10 5
A= -1 1 1
_1 7 2
2 10 5

3 11 6
2 10 "5 1 :
x=A"b=| -1 1 1 21=10
172 -1 1
2 10 5 2

1.9.2 A proof that AB = [ implies BA =1

Lemma 1.9.4. Let A be a square n X n matrix. If A is nonsingular, then there is an n x n matrix
B such that AB = 1.

Proof. Let A be a square n X n matrix. We must prove that if A is nonsingular, then there is an
n x n matrix B such that AB = I. So, assume that A is nonsingular. We must find a n x n matrix
B and then prove that AB = I. Since A is nonsingular, we know by Theorem 1.7.14 that for each
b € R" there is a unique solution to Ax = b. Let us apply this result to each of the unit vectors
ei,es,...,e, in R™. So there is a unique solution to Ax = ey, call this solution By. Let By be
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the unique solution to Ax = e,. Continue to get these solutions for each the unit vectors and so,
finally let B,, be the unique solution to Ax = e,. So, we see that

AB1 = e, ABQZGQ, ey ABn:en. (1.19)
Let B be the n x n matrix B = [B; By -+ B,]. We now show that AB = I as follows:

AB = A[B; By -+ B,]
=[AB; ABy --- AB,] by Theorem 1.5.13
=lei e - €] by equations (1.19) above

=1 since I = [e1ez- - - ey).
Therefore, AB = 1. O
Lemma 1.9.5. Let A and B be square n X n matrices. If AB = I, then B is nonsingular.

Proof. Let A and B be square n xn matrices. We must prove that if AB = I, then B is nonsingular.
So, assume that AB = I. We now prove that B is nonsingular, that is, the only solution to Bx = 6
is x = 8. We can now solve the equation Bx = 6 as follows:

Bx =20
ABx = AO multiply on the left by A
ABx =10 because A0 = 0

Ix=6 because AB =1

x=0 because Ix = x.
Thus, the only solution to Bx = 6 is x = 0. Therefore, B is nonsingular. O O
Theorem 1.9.6. Let A and B be square n X n matrices. If AB = I, then BA = 1.

Proof. Let A and B be square n x n matrices. We prove that if AB = I, then BA = I. So, assume
that AB = I. We must prove that BA = I. We shall use Lemmas 1.9.4 and 1.9.5 above. Since
AB = I, we know by Lemma 1.9.5 that B is nonsingular. So, Lemma 1.9.4 implies that there is an
n X n matrix C such that BC' = I. Using some matrix algebra, we show that C' = A as follows:

AB =1 by assumption
(AB)C = IC' multiply on the right by C
(AB)C' =C  because IC =C
A(BC)=C by associativity of matrix mult.
Al =C  because BC =1
A=C  because Al = A.

Hence, A = C. Therefore, BA = BC = I, that is, BA = 1. O

1.9.3 Existence of Inverses

Theorem 1.9.7. Let A a square matrix. Then A has an inverse if and only if A is nonsingular.
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Proof. Let A be a square matrix.

(=). First we prove that if A has an inverse, then A is nonsingular. Assume A has an inverse, that
is, A™! exists. Thus, A~'A4 = I. Lemma 1.9.5 now implies that A is nonsingular.

(«<). Now we prove that if A is nonsingular, then A has an inverse. Assume A is nonsingular. We
prove that A has an inverse, that is, we must show that there is a matrix B such that AB = BA = I.
Since A is nonsingular, we know by Lemma 1.9.4 that there is a matrix B such that AB = I. Now,
Theorem 1.9.6 implies that BA = I. Thus, the matrix given by Lemma 1.9.4 is the inverse of A,
that is, B = A~!. Therefore, A has an inverse. O

1.9.4 Calculating the Inverse

The above results give us a method for finding the inverse of a nonsingular square matrix A. This
method is based on the proof of Lemma 1.9.4. In other words to find A~!, we simultaneously solve
the systems

Ax =e1, Ax=e9, ..., AX =e,

by forming the augmented matrix [A|e; e --- e,] = [A]I]. Put this matrix into reduced echelon
form, obtaining [I|B; By --- B,,. Therefore,

AB1 = e, ABQZGQ, ey ABn:en (1.20)
Let B be the n x n matrix B = [B; By --- B,]. Thus, we can show that AB = I as follows:

AB = AB1 By --- B,]
=[AB; ABs --- AB,] by Theorem 1.5.13
=le; e - €] by equations (1.20) above

=1 since I = [e1e2 - €y].
Therefore, AB = I and thus, A~! = [B; By --- By].

Procedure for Finding a Inverse. To determine if the square matrix A has an inverse, do the
following:

Step 1. Form the matrix [A | I], where the identity matrix I has the same size as A.
Step 2. Transform the matrix [A | I] into reduced echelon form [M | B].
Step 3. Either M =1 or M # 1.

e If M =1, then A~! = B.
o If M # I, then A~! does not exist.

In the next problem, we will apply the above procedure to determine whether or not the matrix

3 4 -1
10 3
2 5 -4

has an inverse.

4 -1

0 3 |. Find its inverse (if it exists).
5 —4

Problem 3. Consider the matrix A =

N = W
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34 -1 100
Solution. Applying Step 1 we obtain the matrix [A[I]=| 1 0 3 0 1 0 |. We now apply
25 -4 00 1
Step 2 and transform [A | I] into reduced echelon form as follows:
[3 4 -1 1 0 0]
AlIl=l10 3 0 1 0
25 -4 0 0 1|
Ri1 < Rs
1 0 3 0 1 0]
3 4 -1 1 0 0
25 -4 0 0 1|
—3R1+ R2s — R2
(1 0 3 0 1 0]
4 —-10 1 -3 0
25 -4 0 0 1|
—2R1+ Rs — R3
(1 0 3 0 1 0]
0 4 -10 1 -3 0
05 -10 0 -2 1

Rs < R3
1 0 3 0 1 0

0 5 —10 0 -2 1
| 0 4 —10 1 -3 0 |
—R3 4+ R> — R
(1 0 3 0 1 0
0 1 0 -1 1 1
| 0 4 —10 1 -3 0 |
—4R2 + R3s — Rs3
(1 0 3 0 1 0

1 0 -1 1 1
0 0 -10 5 -7 -4

—%R3—>R3

[ 1 3 0 1 0]

0 1 0 -1 1 1

(00 1 =3 g5 3]
—3Rs3 + R1 — R1

T
[M|Bl=1]0 1 0 —1 1 1
(00 1 -3 5 3]

Since M = I, we conclude from Step 3 that

|
o

|~ —3l=

[SULE R (o

Al_—pB=| —

MLl N[OV

—
[en]
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1.9.5 Inverse Properties
Theorem 1.9.8. Let A and B be square n x n matrices. Then:
1. If A has an inverse, then A~! has an inverse and (A~!)~1 = A.
2. If A and B have inverses, then AB has an inverse and (AB)~! = B~1A~1,
3. If A has an inverse and k € R is non-zero, then kA has an inverse and (kA)™! = %A_l.

4. If A is has an inverse, then AT is has an inverse and (A7)~ = (A=1)7.

Proof. We just prove 1, 2 and 4. To prove 1, we have that AA~! = I and A~'A4 = I. Thus,
(A~H~1 = A. To prove 2, by the properties of matrix operations, we obtain

(AB)(B1A™YY = A(BB YAl = ATA 1 = A4t =1

Similarly, one can show that (B~*A~!)(AB) = I. Therefore, (AB)~! = B~1A~!. To prove item 4,
since AA™! = I we conclude that (AA=!)T = IT. Since I” = I, we see that (AA™1)T = I. From
Theorem 1.6.6(2), we deduce that (A~1)TAT = I. Similarly, because A=*A = I it follows that
AT(A=Y)T = I. Therefore, (AT)™1 = (A~1)T. O

Corollary 1.9.9. If Ay, As,..., A, are invertible matrices having the same same size, then the
matrix A1 Ag--- A, is also invertible, and (A Ay - - -AT)*1 = A,Tl . -A2_1A1_1.

Proof. This can proved by induction on r, using Theorem 1.9.8(2). O

If A is an invertible matrix and —p is a negative integer (p is a natural number), then we define

AP = (AP =414t 471

pmany times

We end our discussion of Chapter 1 with the statement of the following very important
theorem. This theorem will be used extensively throughout the semester.

Theorem 1.9.10. If A is an n x n (square) matrix, then the following statements are equivalent:
1. A is nonsingular, that is, Ax = 0 has only the trivial solution (here, @ = [0],x1).
2. The column vectors of A are linearly independent.
3. For every n x 1 matrix b, the system Ax = b has a (unique) solution.
4. A has an inverse.
5. A is row equivalent to I,,.

Proof. The above theorem follows directly from Theorems 1.7.11, 1.7.14, 1.9.7 and 1.7.13. O

Exercises 1.9

Pages 102 to 103 of text — #1, 3, 6, 7, 19, 23, 25, 27, 29, 33, 35.




Chapter 3

The Vector Space R"

Vector spaces are the main topic of interest in linear algebra. A vector space is a mathematical
structure formed by a collection of vectors that can be added together and multiplied by real
numbers. In this chapter we will investigate vector spaces and the concept of dimension, which
specifies the number of independent directions in the vector space.

3.1 Introduction

Recall that R™ is the space of all n-vectors x =

number. Also recall the following vector operations:

For vectors x =

For vectors x =

For a vector x =

We write 8 =

z1

T2
where each component zx; is a real

In

Ty | [y ] [z 1 ]
2 Y2 | . T2 + Y2
and y = . in R", we have that x +y = .
T | L Yn | _xn+yn_
x| _yl- -xl_yl-
T2 Y2 . T2 — Y2
and y = . in R™, we have that x —y = .
In | L Yn | L Tn — Yn |
1 CI1
xT9 CT2
and a scalar ¢, we have that cx =
Tn CIp
—1
for the “zero” vector, and define —x =

50



3.1.

INTRODUCTION

3.1.1 Vectors in 3-space

Recall that R? is the space of all 3-vectors x = | o

x1

x3

number. Also recall the following vector operations:

o1

where each component z; is a real

x1 (% T1+ Y
o For vectors x = | 2o | andy = | 9o | in R®is defined by x +y = | z2 + 12
| L3 ] L Y3 | 3+ Y3
[ 21 | [y ] 1 —hn
e For vectors x= | #o | andy = | 3o | in R3 is defined by x —y = | 22 — ¥2
| T3 | L Y3 | | T3 — Y3 |
I CI1
e For a vector x = | xo | by a scalar c is defined by cx = | cxo
I3 CI3
0 —X1
e We write @8 = | 0 | for the “zero” vector, and define —x = | —x9
0 —XI3

The graphs in Figure 3.1 illustrate how vectors in R? are (1) added, (2) subtracted, (3) scalar

3

multiplied, and (4) made “negative.”

(1) Graph of vector x +y

cX

(3) Graph of vector cx

(2) Graph of vector x —y

—X

(4) Graph of vector —x

Figure 3.1: Vector Operations

Example 1. Consider the vector space R?. In Figure 3.2 we give a geometric interpretation of the

v~ {[z)menet)

subset W of R? defined by
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T2

Figure 3.2: In Example 1, W is the above line in 2-Space

Example 2. Consider the vector space R?. In Figure 3.3 we give a geometric interpretation of the

subset W of R? defined by
W—{[ml ] Z.’IJ1—|—.’E2—1}.
Z2

T2

Figure 3.3: In Example 2, W is the above line in 2-Space

Example 3. Consider the vector space R3. In Figure 3.4 we give a geometric interpretation of the
subset W of R? defined by

I 1
W = T2 :$1+Z$2+$3:0
z3

X2

Figure 3.4: In Example 3, W is the above plane in 3-Space
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Example 4. Consider the vector space R3. In Figure 3.5 we give a geometric interpretation of the
subset W of R? defined by

1 1
W = T2 Z$1+Zl‘2+$3:1
z3

)

Figure 3.5: In Example 4, W is the above plane in 3-Space

3.2 Vector Space Properties
The following algebraic properties of vector addition can easily be checked.

Theorem 3.2.1. If x, y, and z are vectors in R” and if a and b are scalars, then the following
properties hold:

Closure properties:

1. x +y is a vector in R"™, (that is, R™ is closed under addition).

2. ax is a vector in R", (that is, R™ is closed under scalar multiplication).
Addition properties:

l.x+y=y+x
2. x+(y+2z)=(x+y)+z
3.x4+0=0+x=x
4. x+(—x) =0
Scalar multiplication properties:
a(bx) = (ab)x
a(Xx+y)=ax+ay

1.
2.
3. (a+b)x=ax+bx
4.

Ix=x
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3.2.1 Subspaces

Definition 3.2.2. A subset W of a vector space R" is called a subspace of R", if 8 is in W and
W satisfies all the properties in Theorem 3.2.1 where R" is replaced by W.

Theorem 3.2.3. Let W be a subset of R”. Then W is a subspace of R™ if and only if the following
conditions hold:

(sl) B isin W.

(s2) If x and y are vectors in W, then x +y is in W.

(s3) If ¢ is any scalar and x is a vector in W, then ¢x is in W.

Proof. We first prove that if W is a subspace, the statements (s1)-(s3) hold. Then we will prove

the converse.

(=). Suppose that W is a subspace of R™. We now show that (s1), (s2) and (s3) hold. Since
0 € W, (s1) holds. To prove (s2) and (s3), let x and y be vectors in W and let ¢ be a scalar. Since
W is a subspace, it satisfies the closure properties. Therefore, x +y is in W and ¢x is in W.

(«<). Suppose that W satisfies (s1), (s2) and (s3) above. We must show that W is a subspace of R™.
To see that W is a subspace of R™, one has to first show that W satisfies the addition properties
and the scalar multiplication properties. Since R" satisfies these properties, it follows that W also
satisfies them. So the only properties that needs to be verified are the closure properties. But these
properties hold by our assumption. Hence, W is a subspace of R". ]

Definition 3.2.4. Let W be a subset of R"”.

1. If for all x,y € W we have that x +y € W, then we say that W is closed under addition.
2. If for all x € W and all ¢ € R we have that cx € W, then W is said to be closed under scalar

multiplication.
3.2.2 Verifying That Subsets Are Subspaces
TO VERIFY THAT A SUBSET W 1S SUBSPACE OF R™, DO THE FOLLOWING:

Step 1. An algebraic specification for the subset W is given, and this specification serves as a
test for determining whether a vector (from R™) is or is not in W.

Step 2. Verify that @ satisfies the algebraic specification of W.

Step 3. Choose two arbitrary vectors x and y in W. Thus x and y are in R", and both vectors
x and y satisfy the algebraic specification of W.

Step 4. Verify that the sum vector x + y meets the specification of W.

Step 5. For an arbitrary scalar ¢ verify that the scalar multiple vector ¢x meets the specification
of W.

Problem 1. Let W be the subset of R? defined by

T
W = xI9 X2 = 2%1 and Tr3 = 3:E1
T3

Verify that W is a subspace of R? and give a geometric interpretation of W.
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Solution. For clarity, we explicitly number the five steps used to verify that W is a subspace of R3.

1. The algebraic specification for x to be in W is

r9 =2x7 and x3 =31 (3.1)
0
2. Verify that 8 = | 0 | satisfies the above algebraic specification. This is clear.
0
3. Let f and g be two arbitrary vectors in W'
fi 9
f=1 /. and g=| g2
f3 93

Because f and g are in W, each must satisfy the algebraic specification of W. That is,

fo=2f1 and f3=3f (3.2)
g2 =2¢1 and g3 =3g:. (3-3)
4. Next, verify that the sum f + g is in W; that is, verify equation (3.1). Now, the sum f + g is
given by
fi+t g
f+g=| foto
f3+93

By (3.2) and (3.3), we have

(fa4+92) =2(fi+g1) and (fs+g3) =3(f1+91)

Thus, f 4 g is in W whenever f and g are in W (see equation (3.1)).

f1
5. Let f € W and ¢ € R, where f = | fo |. Asf € W, we have that fo = 2f; and f3 = 3f;.

f3
cfa=c(2f1) =2(cf1) and cfs=c(3f1)=3(cfr).

Therefore, the vector

Thus,

chi
cf = | cfs

cfs

is in W, whenever f is in W.

We conclude that W is a subspace of R?. Note that every vector x in W can be expressed as

1 I 1
X=| 29 | = | 221 | =21 | 2
T3 3x1 3
1
So, W has the vector vi = | 2 | as a “basis” and so, W has dimension one. Geometrically, W is
3

an infinite line through the origin. The graph of v; and W are given in Figure 3.6.
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Zs3 zs3
L, w
/ //I
L
I I
I (. I
| A\ I3 I V1 I3
I || o I T
I I /1 I /1
/ _ _ [ _
2 2
X1 T
Graph of vector vy Graph of subspace W
Figure 3.6: The Subspace W in Problem 1
€1
Problem 2. Consider the vector space R3. Let W = T | 121 = xo + a3 p. Show that W is
z3
a subspace of R3.
T
Problem 3. Consider the vector space R3. Let W = Ty | :x1 =9 23 p. Show that W is
3
not a subspace of R3.
Exercises 3.2
Pages 174 to 175 of text — #1, 2, 3, 9, 13, 15, 16, 18, 31.
3.3 Examples of Subspaces
3.3.1 The Span of a set of vectors
Theorem 3.3.1. Let vi,va,...,Vv, be vectors in a vector space R™. Let W be the set consisting
of all linear combinations of vi,va,...,v,; that is, W is the set of all vectors of the form

X =a1Vy +agvy + -+ a,vy
where a1, as,...,a, are real numbers. Then W is a subspace of R".

Proof. Note that 8 € W since
0=0vi +0vy+---+0v,.

So, to show that W is a subspace it is sufficient to show that W is closed under addition and scalar
multiplication. To do this let x and y be in W and let ¢ be a scalar. Since x and y are linear
combinations of the vectors vi,va, ..., v, there are scalars a1, ao,...,a, and by, bo, ..., b, such that

X =ai1Vy +asve + -+ arv,
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and
y =bivi+bava+-- 4+ bpv,.
But then,
X +y = (a1 +b1)vi + (a2 +b2)va + -+ (ar + b)) v,
and
cx = (car)vi + (cag)va + - - - + (cay ) vy

are also linear combinations of the vectors vq, vo,...,v,. Hence, x+y € W and cx € W. Therefore,
by Theorem 3.2.3, W is a subspace of R". O

Definition 3.3.2. The subspace W spanned by the set of vectors S = {vi,va,...,v,.} will be
denoted by Span(S) or Span{vi,va,...,v,}. [The book uses the notation Sp(.5).]

Problem 1. Consider the three vectors in 4-space:

V1 =

1
2 J—
1V2 T

1

Is the vector y = in the Span{vy, ve,v3}, that is, is y a linear combination of the vectors

Ut Ut = N

Vi, V2, V3?
Solution. The answer is “yes” if there are numbers x1, x2, r3 satisfying the vector equation
T1V] + x2Ve + T3V3 =Y. (3.4)

To answer the question, first let the vectors vy, vo, vg form the columns of a matrix A and let x be
the column vector consisting of the unknowns 1, xo, x3, that is,

1 1 1 .

1

A:[vl Vo Vg]: ? g (1) and X = | 29
~1 -3 -2 o

Now, notice that the following 5 equations are equivalent:

1. x1vi +x2ve +23vy3 =y

1 1 1 2
2. 11 2 + 22 0 + 3 L L
1 2 0 5
-1 -3 —2 -5
lzy + lxg + 1lx3
3 2r1 + Ozo + 1lxg B

2
1
lzy + 229 + Ozjs 5
—1.’L‘1 - 31‘2 - 2.%3 )
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1 1 1 2
R S
: 1 2 0 217 5

1 -3 -2 3 -5
5. Ax =y

Therefore, x1, 9, z3 is a solution to vector equation (3.4) if and only if x is a solution to the linear
system Ax = y. Transforming the augmented matrix [A|y] into reduced row echelon form we
obtain

1 00 1
010 2
001 -1
000 O
Therefore, the solution x1 = 1, 2o = 2, and x3 = —1 satisfies vector equation (3.4), that is,

y = 1vy + 2vy + —1vg (verify!).

Hence, the vector y can be written as a linear combination of the vectors vi,va, v3; Thus, y is in
the Span{vy, vo, vs}.

From the above solution for Problem 1, we can make the following observation:
Theorem 3.3.3. Let Aj,As,..., A, be a set of vectors in R"™ and let A be the matrix A =
[ Ay Ay - Ag ] A vector y in R" is in the subspace W = Span{Aj, Ag,..., Ay} if and

only if the linear system Ax =y has a solution x.

Problem 2 (Example 1 on page 178 text). Let u and v be the following vectors in R3:

2 0
u= | 1 andv=|1
0 2

1. Obtain a algebraic specification for the subspace Span{u, v} of R3.

2. Using the vectors u and v, give a geometric interpretation of Span{u, v}.

Solution. We first obtain a algebraic specification for the subspace Span{u,v}. A vector y € R3
is in Span{u, v} if and only if Ax =y has a solution x, where A = [ u v ] We investigate the

Y1
conditions on y = | w2 | which will imply that the system Ax =y is consistent. That is, we solve

Y3
the system Ax =y by forming the augmented matrix [A|y] and put it into reduced echelon form.
We shall do this as follows:

0
[Aly]=]1 1
0 2 y3
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Now, using row operations, we transform the matrix [A | y] into the ‘reduced echelon form as follows:

<
=

[A]b] =

N = O
RN
WO

I
O H = N O N
By
=
By
=

N = O
S S els

|
5y
+
&
1
&

11 Y2
0 1 yo—1%
0 2 yg

(—R2 + R1 — R1)&(—2R2 + Rs — R3)

1 0
0 1 yo — L4
0 0

So the system Ax = y will have a solution if and only if i1 —2y2+ys = 0; that is, when y; = 2y —ys3.
Hence,
Y1
Span{u, v} = ¢ | y2 | 141 =2y2 — y3
Y3

We give a geometric give a geometric interpretation of Span{u, v} in Figure 3.7

Y3

Y2

Ca
Figure 3.7: W = Span{u, v}

3.3.2 The Null Space of a Matrix

Definition 3.3.4. Consider the vector space R™. Let A be an m x n matrix. Let N (A4) be set of
all vectors x in R™ which are solutions to the homogeneous system of equations Ax = @, that is,

N(A) ={xeR": Ax = 6}.

The set N'(A) is called the null space of A or the kernel or A.



60 CHAPTER 3. THE VECTOR SPACE R"Y

Theorem 3.3.5. Consider the vector space R™. Let A be an m X n matrix. Then NV (A) is a
subspace of R"”.

Proof. Note that 6 € N(A) since
A0 =0.

So, to show that NV (A) is a subspace it is sufficient to show that N'(A) is closed under addition and
scalar multiplication. To do this let x and y be in N (A) and let ¢ be a scalar. Since x and y are
in NV(A), it follows that

Ax =0 and Ay = 6. (3.5)

We must show that x 4+ y is in N'(A); that is, we must show that A(x +y) = 6. To see this, note
that

A(x+y) = Ax+ Ay by distribution of matrix mult.
=0+0 by equations in (3.5) above
=0 since 0 + 60 = 0.

Hence, x+y € N (A). Now we must show that cx is in N'(A); that is, we must show that A(cx) = 6
given that x is in A(A). To see this, note that

A(ex) = cAx by property of matrix mult.
=0 by first equation in (3.5) above

=0 since ¢ = 6.
Hence, cx € N(A). Therefore, by Theorem 3.2.3, N'(A) is a subspace of R". O

The next problem will give a method for finding a set S of vectors in N'(A) which span N'(A),
that is, Span(S) = N (A).

1 1 2 9 18
Problem 3. Find a set of vectors in the null space of A= | 2 9 —-10 39 78 | which
1 -6 1 —-27 —-54
spans this null space.

Solution. First notice, since A is a 3x5 matrix, that the null space of A is a subspace of R®. Applying
Gauss-Jordon reduction to the augmented matrix [A | 0], we obtain the augmented matrix

W

[C]6] =

o O =

0 0 2
1051
011

N O
o O O

Solving the equivalent system of equations C'x = 0, we obtain

1 = —2x4 — 45
To = —dxy — 10x5
T3 = —T4 — 2T5
Ty = T4

T5 = Ts.
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Therefore, every solution to Ax = 8 can be written in the form

il -2 —4

T ) —10

xrs3 =x4 | —1 + x5 —2

T4 1 0

I5 0 1
-2 —4
-5 —10

So the vectors y1 = | —1 | and y2 = —2 | span the null space of A. We conclude that

1 0
0 1

Span{y1,ya} = N(A).

Observation. The above vectors y; and y2 are linearly independent (see Theorem 1.7.7).

3.3.3 The Range of a Matrix

Definition 3.3.6. Consider the vector space R™. Let A be an m x n matrix. Let R(A) be set of
all vectors y in R™ such that Ax =y for some x € R”, that is,

R(A) ={y € R™: Ax =y for some x € R"}.

Theorem 3.3.7. Consider the vector space R™. Let A be an m x n matrix. Then R(A) is a
subspace of R™.

Proof. Recall that there is another way to interpret the product Ax. The product Ax is a linear

combination of the column vectors of the matrix A = [A; Ay --- A,] (where each A; € R™); that
is,
L1
T2
A . =11A1 +22A0 + - + 2, A,
In

It follows that the matrix equation Ax =y is equivalent to the vector equation
1A +x2A2+ -+ AL =Y.

Therefore, R(A) = Span{A1, Ag,...,A,}. Hence, R(A) is a subspace of R™ by Theorem 3.3.1. [

Given a matrix A, we shall refer to R(A) as the range space of A.

Problem 4 (Example 4 on page 182 of text). Describe, in terms of an algebraic specification, the
range space of the 3 x 4 matrix

113 1

A=1]12 1 5 4

1 2 4 -1
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Solution. A vector y € R? is in the range of A if and only if Ax = y has a solution x. We investigate
3

the conditions on y = | yo | which will imply that the system Ax =y is consistent. That is, we
Y3

solve the system Ax =y by forming the augmented matrix [A |y] and put it into reduced echelon

form. Now, we transform the matrix [A|y] into the reduced echelon form as follows:

113 1 gy

Alyl=12 1 5 4 p
12 4 —1 y

(=2R1 4+ R2 — R2)&(—R:1 + Rs — R3)

1 1 3 1 n
0 -1 -1 2 Yo — 2y1
0 1 1 -2 y-u

—R2 = Ro
11 3 1 Y1 |
01 1 =2 2y —yo
01 1 =2 wys—uy |
(—Rz2 + Ry — R1)&(—Ry + Rs — R3)
roz2 3 Y2 — 1 |
011 =2 2y1 — Y2

000 O y3g+yo—3m

So the system Ax = y will have a solution if and only if —3y; + y» + y3 = 0; that is, when
y3 = 3y1 — y2. Hence,
Y1
R(A) =1 | v2 | 1y3=3y1 — ¥2
Y3

Exercise 3.3.8. Let A be as in the above problem. Using the above algebraic specification for
R(A), find a spanning set of vectors for R(A).

3.3.4 The Column Space of a Matrix
Definition 3.3.9. Given a matrix A =[A; Ay --- A,] (where each A; € R™), we call
Span{A1,As,..., A}

the column space of A and we shall write Cspace(A) = Span{Aj, Ag,...,A,}.

Theorem 3.3.10. Let A be a matrix. Then the column space of A equals the range space of A;
that is, Cspace(A) = R(A).

Proof. This follows from the proof of Theorem 3.3.7. O

3.3.5 The Row Space of a Matrix

A vector in R™ can be also be interpreted as a “row vector.” For example, we can interpret the

vector A = as the row vector a = [1 2 3 4]. Note that AT = a.

1
2
3
4
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Addition and scalar multiplication of row vectors is defined as for column vectors. For example,
leta=[1234andb=[-12 —3 —5]. Then

a+3b=[-28 —6 —11]

aj
ag
Definition 3.3.11. Given a matrix A = i (where each a; € R” is a row vector), we call
anm
Span{aj,as, - ,a,} the row space of A and we shall write Rspace(A) = Span{aj,as, - ,a;,}.
Example 5. Let
1 2 3 4
A=1|1 1 -2 -3
0 —1 2 3

be a 3 x 4 matrix. Then the row space of A is Span{aj,as, a3}, where
a;=[1234, ag=[11 -2 —3], az=1[0 —12 3.

The following three lemmas imply that the space, spanned by a set of row vectors, is not changed
by performing row operations on the set of vectors.

Lemma 3.3.12. Suppose that aj, as, ag, ay are vectors in R™. Let ¢ be a scalar and let
aj = cag + as. (3.1)
Then Span{a;,ag, as,as} = Span{aj, as, a5, a4}.
Proof. Let y be a vector in Span{ai,as,as,as}, so
Yy = c1ay + coas + czag + cuay (3.2)

for some scalars ¢y, ¢, c3, c4. We must show that y can also be written as a linear combination of
{a;1,a,a%,a4}. Solving for ag in equation (3.1) and substituting in equation (3.2) yields

y = c1a1 + cpag + cz(ay — cag) + cqay.
Now, expanding and collecting terms gives
y = c1a1 + (c2 — c3c)ag + czag + caay.

Thus, y can be written as a linear combination of {a;,ap,a%,as}. Similarly, given a vector x in
Span{aj, as, a5, a4}, one can show that x is in Span{a;, as, ag,as}. Therefore, Span{a;, as,as,as} =
Span{aj,as,aj, a4} and this completes the proof. O

Lemma 3.3.13. Suppose that aj,as,as,as are vectors in R™. Let ¢ # 0 be a scalar and let
a4 = cas. Then Span{a;,ay,ag,as} = Span{a;,as, ajs, a4}.

Proof. Exercise. O

Lemma 3.3.14. Suppose that a;, as,as, a4 are vectors in R™. Then, upon interchanging as and
ag, we have that Span{a;,as, as,a,} = Span{a;, as,as,a,}.
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Theorem 3.3.15. If A and B are row equivalent m X n matrices, the row spaces of A and B are

equal.
ap b1
ag 2 . )

Proof. Suppose that A = . and B = . . Since A and B are row equivalent, one can
an b,

obtain B by applying a sequence of row operations on A. Since the row space of A is given by
Span{ aj,ag,...,a, } and the row space of B is given by Span{ bj,bs,...,b,, }. Lemmas 3.3.12
to 3.3.14 imply that this same sequence of row operations applied to the row vectors in the set
{aj,ag,...,a, } do not change the spanned space. Therefore,

Span{ aj,as,...,a, } = Span{ by, ba,..., by, },

that is, the row spaces of A and B are equal. This completes the proof. O
Observations. Let A=[A; Ay --- A,] be an m X n matrix.

1. The null space NV (A) is a subspace of R™.

2. The row space Rspace(A) is a subspace of R™.

3. The range space R(A) is a subspace of R™.

4. Cspace(A) = Span{A1,As,...,A,} =R(A)

5. Cspace(A) = Rspace(A”), that is, the column space of a matrix A is the same as the row

space of AT the transpose of A.

3.3.6 Minimal Spanning Set

Theorem 3.3.15 and item 5 of the above Observations suggests the following procedure for obtaining
a “minimal” set of spanning vectors for a subspace. A minimal spanning set is a spanning set
that has the smallest number of vectors needed to span the subspace.

Minimal Spanning Set Procedure. Given a set of vectors S = {A1, Ag,..., A} in R", to find
a minimal set S’ for which Span(S’) = Span(S), do the following:

Step 1. Form the matrix A =[A; Ay --- Agl.

AT
Aj
Step 2. Form the matrix AT = .
AT BT
B]
Step 3. Transform the matrix A7 into reduced echelon form BT = .
. BT
Step 4. Form the matrix B = [B; By --- Byl. k

Step 5. Since Rspace(AT) = Rspace(BT) (by Theorem 3.3.15), it follows that Cspace(A) =
Cspace(B). Thus the set S’ consisting of the nonzero column vectors of B, is a minimal
set such that Span(S’) = Span(S5).
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Problem 6 (Example 5 on page 184 of text). Let S = {v1,va,vs,vs} where

1 2 1 2
V] = 2 Vo = 3 V3 = 4 V4 = 5
1 9 -5 -1

Find a minimal set S” such that Span(S’) = Span(S).
Solution. We will solve this problem by applying the above procedure.

1 2 1 2
1. Form the matrix A=[vy vy v3 v4]=[2 3 4 5§
1 5 -5 -1
1 2 1
2 3 5
o AT _
2. Form the matrix A = 1 4 _s
2 5 -1
10 7
) T T 01 -3
3. Transform the matrix A* into reduced echelon form B* = 0 0 0
0 0 0
1 0 00
4. Form the matrix B=[B; By Bz By = | 0 1 00
7 -3 0 0

5. Thus the set S” = {Bj, B2} consisting of the nonzero column vectors of B, is a minimal
set such that Span(S’) = Span(S).

Observation. The above vectors By and By are linearly independent (see Theorem 1.7.7).

3.3.7 Summary
Let A be an m x n matrix. Suppose that
aj

a2
A=A Ay - A,]=

There are three spaces associated to the matrix A:
1. The Null Space of the matrix A is defined by N(A) = {x e R": Ax =0 }.
2. The Column Space of A is defined by Cspace(A) = Span{ A1, As,..., A, }.
3. The Row Space of A is defined by Rspace(A) = Span{ aj,ag,...,an }.

Exercises 3.3

Pages 186 to 188 — Odds #1-49.
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3.4 Basis for Subspaces

In the previous section we were given a set of vectors S = {vi,va,...,v,} in a vector space R",
and we showed how to build the subspace W = Span(S) consisting of all linear combinations of
V1i,Va,...,V,, that is, all vectors of the form

X =a1Vy+azvy +--- 4+ a,v,

where a1, as, . ..a, are arbitrary scalars. In this section we will “go in the opposite direction;” that
is, we will be given a subspace W and will then be asked to find a set of vectors S which spans W;
that is, so that Span(S) = W.

3.4.1 Spanning Sets

Definition 3.4.1. Let W be a subspace of R"™. A set of vectors S = {vi,va,...,v,} C W is said
to span W if Span(S) = W.

Consider the vector space R™. A set of vectors S = {vy,va,...,v,} CR" is said to span R" if
Span(S) = R".
I
Example 1. Every vector x = | x2 | in 3-space can be expressed as a linear combination of the
3
1 0 0
unit vectorse; = | 0 [,eo= | 1 |,andes= | 0 |, that is,
0 0 1

X = ri€e1 + xr2€2 + x3€3.

Thus, the set of vectors S spans R?; that is, Span{er, es, e3} = R3.
The above set S is not the only linearly independent set of vectors which spans the vector space

R3. For example, let
1

vi=e;, vo=| 1 [, v3=e;3.
1

Then the set of vectors {v1,va, v3} also spans R?; that is, Span{vy, va,v3} = R3.

Problem 2 (Example 1 on page 190 of text). Does Span{uj,uz, u3} = R? where

1 -2 1
u=| -1 |,uy= 3| andug=| 2 |?
0 1 3

Solution. A vector y € R? is in Span{uj,uz,u3} if and only if there are real numbers x1, x2, 3
such that
r1Uu1 + ToUg + ToUg =Y, (3.3)

and the vector equation (3.3) has a solution if and only if Ax = y has a solution x, where A =
a

[u; uy ug]. We investigate the conditions on y = | b | which will imply that the system Ax =y
c
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is consistent. That is, we solve the system Ax = y by forming the augmented matrix and put it
into reduced echelon form to obtain

1 -2 1 a 1 0 0 10a+9b—"7c
[Aly]=1] -1 3 2 b | reduced echelon form | 0 1 0 4a+4b—3c
0 1 3 ¢ 0 01 —a—b+c
and thus, we obtain the solution
x1 = 10a 4+ 9b — Tc
x9 = —4a+4b— 3¢ (3.4)

r3=—a—b+ec.

So the system Ax =y will have a solution for any vector y € R3. Hence, Span{uj, us,us} = R3.
0
For example, | 1 | in Span{u;,us,us} because letting a =0, b =1, ¢ =1 in (3.4) we obtain
1
x1 =10(0) +9(1) = 7(1) =2
x2 =4(0)+4(1) - 3(1) =1
z3=—(0)—(1)+ (1) =0,

and these values will satisfy the vector equation

0
1 =2u; + luy + 0113.
1

Problem 3 (Example 2 on page 191 of text). Does Span{uj,us, uz} = R3 where

1 -1 2
u=| 2 |,uy= 0| andug=| 7 |7
3 -7 0
Solution. A vector y € R3 is in Span{uj,uz,u3} if and only if Ax = y has a solution x, where
a
A = [u; uy ug]. We investigate the conditions on y = | b | which will imply that the system
c

Ax =y is consistent. That is, we solve the system Ax =y by forming the augmented matrix and
put it into reduced echelon form to obtain

1 -1 2 a 10 I b
[Aly]=12 0 7 b reduced echelon form 01 3 —a+?
3 T 0 c 00 0 —7a+2b+ec

So the system Ax = y will have a solution if and only if —7a 4+ 2b + ¢ = 0. Thus, in particular,
0
1 | is not in Span{uy, us, uz}. Hence, Span{uj,us, usz} # R3.
1

Definition 3.4.2. A set of vectors S = {vi,va,...,v,} in a vector space W is called a basis for
W if, (1) S is linearly independent and (2) S spans W, that is, Span(S) = W.

Remark 3.4.3. A set of vectors S = {v1,Vva,...,v,} in a vector space R¥ is called a basis for R*
if, (1) S is linearly independent and (2) S spans R¥, that is, Span(S) = R*.
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3.4.2 Uniqueness of Representation

Theorem 3.4.4. If S = {vy,vo,...,v,} is a basis for a vector space V', then every vector y in V'
can be expressed in the form y = ¢;vy + covo + - - - 4+ ¢, Vv, in exactly one way.

Proof. Since S spans the vector space V, every vector y is a linear combination of the vectors
V1, Ve,..., Vy, that is, y has the form y = ¢;vy + cove + - - - + ¢, vy,. To show that there is only one
way to write y as a linear combination of the vectors in S, suppose that there is another way, say,
y =divy +dava + - - + d,v,. Subtracting the first equation from the second yields

(c1 —di)vi+ (ca —da)ve + -+ (cn — dp) vy, = 6.
But the set S is linearly independent! Hence,
(c1—d1)=0, (ca—d2)=0, ..., (¢ —dp) =0
and thus, ¢y = dyi,c0 = do, ..., cp = dy. ]

Problem 4. Consider the vector space R* and the vectors

0 1 1 1
e ol 1] |1
V1= 1 y V2 = 1 V3 = 0 V4 = 1
1 1 1 0
3
Show that S = {v1,Vva,Vv3,v3} a basis for R*. Then, express the vector b = _g as a linear
0

combination of the vectors in S.

Solution. A vector y € R* is in Span{vy, va,vs, v4} if and only if Ax =y has a solution x, where
a

A =[v1 vy v3 vy]. We investigate the conditions on y = c which will imply that the system

d
Ax =y is consistent. That is, we solve the system Ax =y by forming the augmented matrix and
put it into reduced echelon to obtain

1 2 1 1
101 1% 0100 (3a—2b+3ic+1d)
A = duced echelon f . (3.5
[Aly] 1101 ¢ reduced echelon form 0010 (%a+%b—%c+%d) (3.5)
110 e 000 1 (Ja+ib+ic—24)

So the system Ax = y will always have a solution. Hence, Span{vy,vs,v3,v4} = R* Thus, in
particular, b € Span{vy, vy, v3,v4}. We must also show that S is linearly independent. To do this,
we must show that the vector equation

c1v1 + vy +c3v3 +cavy = 0
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C1
has only the trivial solution; that is, ¢ = 22 = 0. We apply the Linear Dependence
3
C4
Algorithm; the matrix A = [v] vy v3 vy] is
01 11
10 11
1101
11 10

To solve the homogeneous system Ac = @ we transform the augmented matrix into reduced echelon
form

01110 10 000
10110 01000
[A|0] = 11010 reduced echelon form 0010 0
11100 00010

Therefore, the only solution to the homogeneous system Ac = 0 is the trivial solution ¢ = 6.

Hence, the set of vectors S is linearly independent.
3

6 . L .
_g | @sa linear combination of the vectors in S, we must
0
solve for the scalars c1, co, c3, ¢4 which satisfy the vector equation

Finally, to express the vector b =

c1vi + vy +c3v3+c4vy = b

We apply the Linear Combination Algorithm and solve the system Ac = b for c. We form the
augmented matrix [A|b] and put into reduced echelon form. We will get, from (3.5) above,

1 00 0 (3b—2a+ic+3d)
0100 (3a—2b+ic+1d)
0010 (3a+3b—3c+ 3d)
000 1 (3a+3b+3c—3d)

where a = 3,b=6,c = —3,d = 0. Hence, ¢; = £(6) — 2(3) + 3(—3) + 3(0) = —1. Similarly, we get
Cy = —4, C3 = 5,64 = 2. SO7

b = —1vy + —4vy + 5vg + 2vy4.
3.4.3 Finding a Basis for the Null Space of a Matrix

The next example will give a method for finding a basis for the null space of a matrix A.
Problem 5 (Example 3 on page 192 of text). Find a basis for the null space of

113 1
A=1]12 1 5 4
1 2 4 -1
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Solution. First notice, since A is a 3 x 4 matrix, that the null space of A is a subspace of R%.
Putting the augmented matrix [A | ], into reduced echelon form we get

102 30
Blol=]0 11 -2 0
000 00

Observe that z3 and z4 are free variables in the system Bx = 6. Solving the equivalent system of
equations Bx = @, we obtain

T = —2x3 — 314
To = —x3+ 224
Ir3 = X3

X4 = T4.

Therefore, every solution to Ax = € can be written in the vector form

T —2 -3
i) . -1 + 2
x3 | 3 1 4 0
Ty 0 1
-2 -3
We conclude that the vectors u; = _1 and ug = g span the null space of A, that is,
0 1

Span{uj,us} = N(A). Since the vectors u; and ug are linearly independent (see Theorem 1.7.7),
we see that {u,us} forms a basis for N'(A).

A basis for the null space of an m X n matrix A is obtained as follows: First solve the homo-
geneous system Ax = @ by transforming the augmented matrix [A | 6] into reduced echelon form
to obtain [B | 0]. Now solve the equivalent system of equations Bx = 6 in vector form (see section
1.5.3 starting on page 30). Each free variable will yield a basis vector for the null space of A. This
leads to the following theorem.

Theorem 3.4.5. Let A be an m xn matrix. Let [B | 6] be the result of transforming the augmented
matrix [A | 6] into reduced echelon form. Then the number of free variables in the system Bx = 6
equals the number of vectors in a basis for the null space of A.

3.4.4 Finding a Basis for the Row Space of a Matrix

Theorem 3.4.6. Let A be a nonzero matrix and suppose that B is the result of putting A into
reduced echelon form. Then the nonzero rows of B form a basis for the row space of A.

Proof. By Theorem 3.3.15 A and B have the same row space. It follows that the nonzero rows of
the matrix B span the row space of A. Since the nonzero rows of a matrix in reduced echelon form
are linearly independent, it follows that the nonzero rows form a basis for the row space of A. [

Problem 6. Find a basis for the row space of the matrix

113 1
A=1]12 15
1 2 4 -1
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Solution. After putting A into reduced echelon form we obtain the matrix

10 2 3
B=]011 -2
0 00 O

Let by =[1 0 2 3Jand by =[0 1 1 —2] be the nonzero rows of B. (Clearly by and by are linearly
independent.) By Theorem 3.4.6 we have that {bj, ba} is a basis for the row space of A.

The idea used in Problem 6 inspires the following algorithm for obtaining a basis for the span
of any finite set of vectors. This algorithm is the minimal spanning algorithm on page 64.

Basis Algorithm. Given a set of vectors S = {A1,Ag,..., A} in R”, to find a basis S’ for the
subspace W = Span(S), do the following:

Step 1. Form the matrix A =[A; Ay --- Ayl

A7
Aj
Step 2. Form the matrix AT = .
T
Aj
Bl
B;
Step 3. Transform the matrix A7 into reduced echelon form BT = .
T
Bj,

Step 4. Form the matrix B = [B; By -+ Byl.

Step 5. The set S” of the nonzero column vectors of B, is a basis for W = Span(S).

3.4.5 Finding a Basis for the Column Space of a Matrix

Theorem 3.4.7. Let vi,vg,..., vy be vectors in R™. Let A be the matrix
A = |: v1 V2 DY vk ]
&1
C2
and let ¢ = . be a column matrix of scalars ¢;. Then c is a solution to the linear system
Ck
Ac = 0 if and only if (c1, co, ..., ck) is a solution to the vector equation ¢1vi+cave+- -+ cpvy = 6.

Proof. See Theorem 1.7.2. 0
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Theorem 3.4.8. Let S = {vy,va,...,vi} be a set of vectors in R". Let A be the matrix A =
[ Vi Vg - Vg ] Transforming the matrix A into reduced row echelon form we obtain the
matrix B = [ Vi Vh o Vg ] Let (c1,¢2,...,c) be a list scalars. Then (c1,co,...,¢k) is a
solution to the vector equation

c1vi+cavo+ -+ v =0
if and only if (c1, ¢, ..., cx) is a solution to the vector equation
Vi +cavh+ -+ vy = 6.
1
C2
Proof. Let c= | . be the column matrix of given scalars ¢;. By Theorem 3.4.7, (c1,ca,. .., ck)

Ck
is a solution to the vector equation

c1vi+covo+ -+ v =0

if and only if ¢ is a solution to the homogeneous system Ac = 6. Since the matrices A and B
are row equivalent, it follows that the augmented matrices [A|6] and [B|6] are row equivalent.
Therefore, the systems Ac = 6 and Bc = 6 have exactly the same solutions (see Theorem 1.1.3).
Hence, c is a solution to the system Ac = 0 if and only if ¢ is a solution to the system Bc = 6. But
Theorem 3.4.7, again, implies that c is a solution to the system Bc = 0 if and only if (c1,ca, ..., ck)
is a solution to the vector equation

v+ cavh 4+ vy = 6.
This completes the proof of Theorem 3.4.8. O

We will now apply Theorem 3.4.8 in our solution to the next problem.

Problem 7 (See Example 6 on page 197 of text). Find a basis for the column space of the matrix

— =N
Tt = =
— s O =
OOt

that consists of column vectors from the matrix A.

Solution. Let S = {v1,va,Vv3,v4,V5} be the set of column vectors in the matrix A, that is,

1 1 1 1 2

Vi = ! y V2 = 2 , V3= 1 , V4= 0 , V5 = o
2 1 -1 4 0

-1 1 b -1 2

We will find a subset of S that is a basis for the space Cspace(A4) = Span(S). Recall for the set of
vectors S that Span(.S) consists of all linear combinations of the vectors in S, that is, all vectors y
of the form

Y = cC1V1 + caVva + €3V3 + ¢4V + C5V5
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where c¢q, ..., c5 are scalars. Consider the matrix

1
1
A:[Vl Vo V3 Vyu V5]: 9
—1

[

73

Now transform this matrix into reduced row echelon form to obtain

/ /

10
01
B=[vVv] v v v} vj]= 00
0 0

1 1 2
4 0 5
-1 4 0
5 —1 2
-2 0 1
3 0 2
01 -1

Notice that the columns v}, v}, v} of the matrix B contain the leading 1’s. Clearly, the set of
vectors {v], v}, v} is a linearly independent set. We shall now show that the set T'= {vy, va,v4}
is a basis for the space Span(S) by showing: (a) T' is linearly independent and (b) 7" spans the

space Span(.S).

(a) Show that T is linearly independent. It follows from Theorem 3.4.8 that the set T =
{Vv1,ve, vy} is also linearly independent. To see why, suppose that c1vy + cava + cqvy = 6.
Then, Theorem 3.4.8 (letting ¢35 = ¢5 = 0) implies that ¢1v] + cavh + c4v)) = 0. But this
implies that ¢; = co = ¢4 = 0 is the only solution. Hence, T' is linearly independent.

(b) Show that T' spans the space Span(S). Clearly,
vh = —2v] + 3V}

and so,

=2V + 3vh+ —1vi =

Theorem 3.4.8 (letting c4 = ¢5 = 0) implies that

0.

—2vi+ 3vo + —1vy3 =0

and so,
vy = —2vi + 3vy (3.1)
Similarly, one can show that
Vs = Vi + 2vy + —1vy. (3.2)
Now let y be a vector in Span(S), say,
Y = C1V1 + caVa + c3V3 + ¢4 vy + c5Vs. (3.3)

Using equations (3.1) and (3.2) to substitute for v3 and vs in equation (3.3), and collecting

“like vectors,” we get

y = (c1 —2c3 4 c5)vi + (c2 + 3c3 + 2¢5)va + (cq4 — ¢5) V4.

Therefore, y can be written as a linear combination of vectors v, vo, v4 alone. Thus, T" spans

Span(S).



74 CHAPTER 3. THE VECTOR SPACE R"Y

Therefore, T' = {v1,va,v4} is a basis for the column space of the matrix A, and T' consists only of
column vectors from the matrix A.

The above solution to Problem 7 suggests the proof of the following two theorems.

Theorem 3.4.9. Let A be a nonzero matrix and suppose that B is the result of putting A into
reduced echelon form. Then let v, ... ,v; be the column vectors of the matrix B that contain the
leading 1’s. Then the corresponding column vectors v;, ..., v; of the matrix A form a basis for the
column space of A.

Theorem 3.4.10. Let S = {vy,va,...,Vvi} be a set of vectors in R™ and let W = Span(S). Then
there is a subset of S which forms a basis for the space W.

The idea used in Problem 7 also inspires the following algorithm for obtaining a basis for the
span of any finite set S of vectors that is a subset of the set S.

Subset Basis Algorithm. Given a set of vectors S = {vi,va,..., vy} in R” to find a subset of
S which forms a basis for the space W = Span(.S), do the following:

Step 1. Form the matrix A = [ Vi Vg - Vg ]

Step 2. Transform the matrix A = [ Vi Vg - Vg, ] into reduced row echelon form, obtaining
B=[v] vy -« v ]

Step 3. Identify all the columns of B containing leading 1’s, say v; ,vi ,...,V; .

Step 4. The subset T of S given by T' = {v;,, Vi,,...,V;,, } forms a basis for W = Span(5).
We now give another application of Theorem 3.4.8.

Problem 8 (Example 4 on page 193 of text). Let S = {v1, va, v3}, where

1 2 3
V], = 1 , Vo = 3 , V3 = 5
1 1 1

Show that S is a linearly dependent set, and find a subset of S that is a basis for the space
W = Span(S5).

Solution. Form the matrix

1 2
A:[Vl Vo Vg]: 1 3
1 1

S ot Ww

Now transform this matrix into reduced row echelon form to obtain
1 0 -1

B=[v) vj vi]=]01 2

00 0

Notice that the columns v}, v5 of the matrix B contain the leading 1’s. Clearly, the set of vectors
{v],vh, v} is a linearly dependent set; because

Vi —2vh + v =6.
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So by Theorem 3.4.8,
v] —2vg + vy = 0.

Hence, the set S is linearly dependent. Finally, by the Subset Basis Algorithm, the set T' = {v1, vy}
is a basis for Span(S). This completes the solution of Example 4 of text.

Remark 3.4.11. Let A be a matrix and let B be the result of transforming A into reduced echelon
form by performing row operations on the matrix A. We make the following observations:

1. Row operations preserve the row space of a matrix, that is, Rspace(A) = Rspace(B) (see
Theorem 3.3.15).

2. Row operations do not preserve the column space of a matrix, that is, Cspace(A) #
Cspace(B), in general.

00
Example 9. Let A be the matrix A = | 0 1 | and let B be the result of transforming A into
10
10
reduced echelon form obtaining B = | 0 1 |. Now observe the following:
00
1. Row operations preserve the row space of the matrix A, that is, Rspace(A) = R? =

Rspace(B).

2. Row operations do not preserve the column space of the matrix A, that is, Cspace(A) #
Cspace(B). To see this, note that

0 0 0
Cspace(A) = Span 0,1 = y | :y,z€R
1 0 z
and that
1 0 T
Cspace(B) = Span 01,1 = y | iz,yeR
0 0 0

Thus, Cspace(A) # Cspace(B).

Exercises 3.4

Pages 200 to 202 of text — Odds #1-15; 21, 23, 24, 25, 26, 27, 33, 35.

3.5 Dimension

3.5.1 The Definition of Dimension

The following theorem states that the number of vectors in a linearly independent set is less than
or equal to the number of vectors in a spanning set.

Theorem 3.5.1. Let S = {vi,va,...,v,} be a spanning set for a vector space V, that is, let
Span(S) =V. If T' = {y1,y2,.-.,Ym} is any set of linearly independent vectors in V', then m < n.
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Proof. Because S spans V' there are scalars aj; such that

Y1 =a11V1 +a21ve + -+ anivy

Y2 = a12v1 + a2va + -+ anavy (a)

Ym = Gm1V1 + G2mVa + - - + Gnm V-

We shall use “proof by contradiction.” Suppose, for a contradiction, that m > n. We shall then
demonstrate that this implies that T = {y1,y2,...,ym} is linearly dependent (which is not the
case, and therefore, we must have that m < n).

To demonstrate that the assumption “m > n” implies that T is linearly dependent, we must
show that there are scalars ¢, cs, ..., ¢y, not all zero, such that

cy1 +cy2 + -+ epym = 0.

To see that such scalars ¢; exist, multiply the first equation in (A) by c¢1, multiply the second
equation in (A) by c2, and do the same for the remaining equations. We thus obtain

C1Y1 = €1G11V] + €1G21V2 + - -+ + C1Gnp1Vp

C2Y2 = C2G12V] + €222V + - -+ + C2Gn2Vy

CmYm = CmG1mV1 + Cna2m Ve + -+ + Cnlnm V.
Adding the left hand sides and the right hand sides together and collecting terms we get

c1yi1tcey2 + -+ Cmym
=(c1a11 + c2a12 + - - - + Cma1m) Vi + (c1a21 + c2a22 + - - - + Cpa2m) Ve + - - -

R (Clanl + cotno + - + Cmanm)VN'

Therefore, if ¢, co, ..., ¢y, is a nontrivial solution to the homogeneous system
ajic1 + ajece + -+ aimCm = 0
asici + asce + -+ agmcm = 0
(3.4)
apicC1 + apac2 + - + apmem = 0,
then c¢q,co,..., ¢y is a nontrivial solution to the vector equation ci1yq 4+ coys + - + ¢nym = 6.

But the number of unknowns m in the above homogeneous system is greater than the number of
equations n (because by assumption, m > n). Theorem 1.3.5 implies that a nontrivial solution
€1,€2,...,Cn to the homogeneous system (3.4) exists. Hence, T is linearly dependent, which is a
contradiction. Therefore, m < n. O

The following corollary implies that the dimension of a vector space is unambiguous.

Corollary 3.5.2. If S = {vy,va,...,vp} and T = {y1,y2,...,¥m} are basis for a vector space V,
then n = m.

Proof. Let S = {vi,va,...,vp} and T' = {y1,¥2,...,yYm} both be a basis for a vector space V.
Thus, S and T are linearly independent sets, Span(S) =V, and Span(T") = V. Theorem 3.5.1 thus
implies that m < n and n < m. So, n = m. O
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Thus, the notion of the dimension of a vector space is a mathematically precise notion.

Definition 3.5.3. The dimension of a non-zero vector space V', denoted by dim(V'), is the number
of vectors in a basis for V. If V = {0}, then dim(V) = 0.

Problem 1. Find a basis and the dimension of the following subspace W of R* defined by the
follow algebraic specification

x1
)
W = - tx3 =1 — X2 and x4 = 1 + T2
3
Tq
x1
Solution. Every vector x = ? in W has the form
3
X4
I I 1 0
1
x=| "= 2 S I
T3 r1 — T2 1 -1
Tq 1+ T2 1 1
1 0
0 1 . .
So the vectors vi = 1 and vo = | | | span W; and one can easily check that {vi,va} is
1 1

linearly independent by Theorem 1.7.7(zero-one law). Therefore, {vi,va} is a basis for the space
W. So, W has dimension 2.

Problem 2 (See Example 2 on page 205 of text). Consider the subspace W = Span{uj, us, us,us}
of R3 where

1 2 3 2
u; = 1 , Uy — 4 , U3 = 5 , Uy = 5
2 0 2 -2

Find three different basis for W by applying the following 3 techniques:

(a) Find an algebraic specification for W and find a basis for W as in the above Problem 1.
(b) Apply the Subset Basis Algorithm on page 74 of these notes.
(c) Apply the Basis Algorithm on page 71 of these notes.

Solution. We solve (a), (b) and (c), in this order, below.

(a). A vector y € R3? is in Span{uj, us, u3,uy} if and only if Ax =y has a solution x, where

Y1
A =[u; uy us uy]. We investigate the conditions on y = | y2 | which will imply that the system
Y3
Ax =y is consistent. That is, we solve the system Ax =y by forming the augmented matrix
1 2 3 2 4y
[Alyl=]1 45 5
2 0 2 =2 ys
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and put it into reduced echelon form to obtain

1 01 -1 291 — Y2
3

011 3 -4+ 2

00 0 0 —4y1+2y2+ys

So the system Ax = y will have a solution if and only if —4y; + 2y» + y3 = 0; that is, when
y3 = 4y — 2y2. Hence,

Y1
W = Span{uj, uz, u3, us} = Yo | tys =4y — 2y2
Y3
Y1
Thus, every vector y = | 3o | in W has the form
Y3
(1 (1 1 0
y=|%|= Y2 =y | 0| +u 1
Y3 4y1 — 2y2 4 -2
1 0
So the vectors vi = | 0 | and vo = 1 | span W; and by Theorem 1.7.7(zero-one law) the set
4 —2

{v1,va} is linearly independent. So {v1, vy} is a basis for the space W. Thus, W has dimension 2.

(b). We now apply the Subset Basis Algorithm.

12 3 2
Step 1. A=[u; ug ug /=14 5 5
2 0 2 =2
Step 2. Transform the matrix A into reduced row echelon form, obtaining
101 -1
B=[uj ubu;u]=[011 3/2
000 O

Step 3. Identify all the columns of B containing leading 1’s, getting uf, u).

Step 4. The subset T of S given by T' = {u;, uz} forms a basis for W = Span(S).

(c). Now we apply the Basis Algorithm.

1 2 3 2
Step 1. Form the matrix A=[u; ug ug wyj=,{1 4 5 5
2 0 2 -2

11 2

2 4 0

o AT _
Step 2. Form the matrix A* = 3 4 9
2 5 =2
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10 4
. T . T 01 -2
Step 3. Transform the matrix A* into reduced echelon form B* = 0 0 0
00 0
1 000
Step 4. Form the matrix B =[B; By B3 By = | 0 1 00
4 -2 0 O

Step 5. Thus the set {B;,Bs} consisting of the nonzero column vectors of B, is a basis for .

3.5.2 Properties of an n—Dimensional Subspace

Theorem 3.5.4. Let W be a subspace of R¥ with dimension dim(W) = n. Let T be a set of
distinct vectors from W, say T' = {y1,¥2,---,¥Ym}. Then

1. If m > n, then T is linearly dependent.

2. If m < n, then Span(T) # W.

3. If m =n and T is a linearly independent set, then 7" is a basis for W.
4. If m = n and Span(T") = W, then T is a basis for W.

Proof. Let W be a subspace of R¥ with dimension dim(WW) = n. Let T be a set of distinct
vectors from W, say T = {y1,y2,...,Ym}. Since dim(W) = n, the subspace W has a basis
S ={vi1,va,...,vy}. So, in particular, (A) S is linearly independent and Span(S) = W. We now
prove items 1 through 4.

1. Assume that m > n. Since m > n, Theorem 3.5.1 implies that T is linearly dependent.

2. Assume that m < n. We shall show that Span(T") # W. Suppose, for a contradiction, that
Span(T') = W. Since m < n, Theorem 3.5.1 implies that S is linearly independent, which
contradicts (A).

3. Assume that m = n and that T is a linearly independent set. We shall prove that T is a basis
for W. Since T is linearly independent, we just need to show that Span(7') = W. Clearly,
Span(T') € W. To show that W C Span(T), let u € W. Suppose, for a contradiction, that
u ¢ Span(7T'). Consider the set of vectors U = {u,y1,y2,...,¥Ym}. Since u ¢ Span(7T), it
follows that U has m + 1 many vectors. Since m+1 = n+ 1 > n and Span(S) = W,
Theorem 3.5.1 implies that U is a linearly dependent set of vectors. Thus, there are scalars
a,c1,C,...,Cn (not all zero) such that

au+c1y1 +coys+ -+ enym = 0. (3.5)

Because T is a linearly independent set, it follows that a # 0. Therefore, solving equation
(3.5) for u, we obtain

Hence, u € Span(T'). This contradiction shows that Span(7") = W and therefore, T is a basis
for W.
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4. Assume that m = n and Span(T') = W. We shall prove that T is a basis for W. Since
Span(T) = W, we just need to show that 7' is a linearly independent set. To do this, let

c1,¢2,...,Cn be scalars, and assume that
c1y1 +ce2y2 + -+ enym = 0. (3'6)
First, we will show that ¢; = 0. Suppose, for a contradiction, that ¢; # 0. Equation (3.6)
yields
(&) C
yI=——Y2— ' — —Ym (3.7)
C1 C1

Let 7" = {y2,...,¥m}. Thus, 7" has m — 1 many vectors, and equation (3.7) implies that
Span(T') = Span(T”). Therefore, Span(7’) = W. Since S = {vi,va,...,v,} is linearly
independent and Span(7”) = W, Theorem 3.5.1 implies that n < m — 1. As n = m, this is a
contradiction. Therefore, we must have that ¢; = 0. A similar argument shows that co = 0,
c3=0,...,and ¢;, = 0. So T is a linearly independent set. Thus, T is a basis for W.

This completes the proof of the theorem. O

The vector space R has dimension 5. Using a basis {v1, V2, V3, V4, Vvs} for R3, one can construct
a 5-dimensional parallelepiped (box), as illustrated in the figure below:

A 5-dimensional parallelepiped (box) that resides in the vector space R?
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3.5.3 The Rank of a Matrix

Let A be an m X n matrix. Suppose that

A=[A; Ay - A,]=

There are three spaces associated to the matrix A:
1. The Null Space of the matrix A is defined by N(A) = {x e R": Ax =6 }.
2. The Column Space of A is defined by Cspace(A) = Span{ A1, Aa,..., A, }.
3. The Row Space of A is defined by Rspace(A) = Span{ aj,ag,...,an }.

Definition 3.5.5. Let A be an m X n matrix. We call the dimension of the subspace N (A) the
nullity of A, and we write nullity(A) = dim(N(A)).

Definition 3.5.6. Let A be an m x n matrix. We call the dimension of the subspace R(A) the
rank of A, and we write rank(A) = dim(R(A)).

By the proof of Theorem 3.3.7 we know that Cspace(A) = R(A), the range space of A. Thus, the
rank of a matrix A is also equal to the dimension of the column space of A. Hence, rank(A) =
dim(Cspace(A)).

Theorem 3.5.7. Let A be an m x n matrix. Then dim(Cspace(A)) = dim(Rspace(A)).

Proof. Transform the matrix A into reduced echelon form B. Theorem 3.4.6 implies that the
number of leading 1’s in the matrix B is the dimension of the row space of A. Theorem 3.4.9 also
implies that the number of leading 1’s in the matrix B is the dimension of the column space of A.
Therefore, dim(Cspace(A)) = dim(Rspace(A)). O

Theorem 3.5.8. Let A be an m x n matrix. Then rank(A) + nullity(A4) = n.

Proof. Transform the matrix A into reduced echelon form B. Let r be the number of leading
leading 1’s in the matrix B. Theorem 3.4.9 implies that r is the dimension of the column space of
A. Since Cspace(A) = R(A), it follows that r is the rank of the matrix A. Hence, r = rank(A).
Because r is the number of leading leading 1’s in the matrix B, we conclude that n — r is the
number of free variables in the system Bx = 8. Theorem 3.4.5 implies that n—r is the dimension of
the null space of A; that is, n—r = nullity(A). Therefore, rank(A)+nullity(A) = r+(n—r) =n. O

Theorem 3.5.9. Let A be a square nxn matrix. Then A is non-singular if and only if rank(A) = n.

Proof. This follows from Theorem 1.7.11 and the fact that rank(A) = dim(Cspace(A)). O

Exercises 3.5

Pages 212 to 213 of text — Odds #1-27.
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3.6 Orthogonal Bases for Subspaces

We first recall some definitions.

I Y1
o T2 Y2 .
Definition. Let x = . and let y = . be vectors in R™. The scalar product (or dot
Tn Yn

product), denoted by x -y, is defined by
Xy =Xy =zy +Toy2 + - + Tnyn.
x1
Z2

Definition. The norm (or length) of a vector x = . in R" is defined by

Tn

Ixl) = VX = \fat +ad 4o + a2
Remark 3.6.1. A vector x has unit length if ||x|| = 1. Note that ||x|| =1 if and only if x - x = 1.

Definition 3.6.2. Let x and y be vectors in R"”. We say that x and y are orthogonal if x-y = 0.

Given a subspace W (of R™) with a basis S = {x1,x2,...,Xr}, we want to construct a new
basis T' = {y1,¥2,...,yr} for W with the nice property: T is orthogonal, that is, y; - y; = 0 for
each pair of distinct vectors y;, y; in 7. The method used to construct 7" from S is called the
Gram-Schmidt Process.

Definition 3.6.3. A set of nonzero vectors S = {x1, X2, ...,X;} in R" is said to be orthogonal if
any two distinct vectors x;, X; in S are orthogonal, that is, x; - x; = 0.

Definition 3.6.4. A set of vectors S = {x1,X2,...,x%} in R" is said to be orthonormal if S is
orthogonal and, in addition, each vector in S has unit length, that is, ||x;|| = 1 for each x; in S.

Definition 3.6.5. A basis S = {x1,X2,...,X;,} for a subspace W (of R"™) is said to be an orthog-
onal basis if S is orthogonal.

Definition 3.6.6. A basis S = {x1,x2,...,%,} for for a subspace W (of R™) is said to be an
orthonormal basis if S is orthonormal.

Theorem 3.6.7. Let S = {x;,x9,...,X;} be an orthogonal set of nonzero vectors in R"™. Then S
is linearly independent.

Proof. Let S = {x1,X2,...,X;} be an orthogonal set of nonzero vectors in R™. Suppose that
c1,Co,...,c are scalars satisfying

C1X1 + coXo + - - + cpxp = 6.

We shall prove that ¢y = co = --- = ¢ = 0. First we prove that ¢c; = 0. We take the dot product
of x; with both sides of the above equation and obtain

x1 - (e1X1 + coxa + -+ - + ckxE) = X7 - 6.
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Thus, by Theorem 1.6.11 we obtain
c1(x1-x1) + co(xq - x2) + -+ -+ cp(x1 - X)) = %1 - 6.

Since x; - x; = 0 for all i # 1, we conclude that ¢;(x; - x1) = 0 and since x; - x; # 0 (by Theorem
1.6.11) we must have that ¢; = 0. A similar argument will show that co = - -+ = ¢ = 0. Therefore,
S is linearly independent. O

3.6.1 Determining Coordinates

Theorem 3.6.8. Let S = {x1,xX2,...,X;} be an orthogonal basis for a subspace W of R™. Then
each vector v in W can be expressed as a linear combination of the vectors in S as follows:

V- X1 V- X9 VX
vV = X1 + Xo+ -+ Xk-
X1 X1 X2 - X2 Xk - Xk

Proof. Let S = {x1,xX2,...,X)} be an orthogonal basis of for W. Let v € W. Since S is a basis for
W there are scalars c1, ca, ..., cp such that

vV =C1X] + coXg + -+ - + CpXp-

We first show that ¢; = )2’1'?5(11 . We take the dot product of x; with both sides of the above equation
and obtain

X1V =c1(X1-X1) + co(x1 - X2) + -+ + (X1 - Xp).

Since x; - x; = 0 for all i # 1, we conclude that x; - v = ¢;(x1 - x1). Since x; - x1 # 0, we have that

c1 = ;’1’;11 A similar argument will show that ¢y = }:;'ff?, e, Cp = ﬁ d
3.6.2 Constructing an Orthogonal Basis
Gram-Schmidt Process. Given a basis S = {x1,x2,...,X;} for a subspace W, to construct an

orthogonal basis T' = {y1,y2,...,¥x} for W, do the following:
Step 1. Set y1 = x3.

Step 2. Compute the vectors ys2,y3,...,¥i,..-,Yk, in order, using the formula

Xi"Y1 XiYy2 X Yi—1
Yi:Xi_< >Y1—< >}’2—'“—(>Yz‘—1-
yi-y1 y2-Yy2 Yi-1-Yi-1

The resulting set T' = {y1,y2,...,yr} is an orthogonal basis for W.

Remark 3.6.9. If you add the next step then you will construct an orthonormal basis.

Step 3. Transform each vector y;, constructed in Step 2, into a unit vector; that is, let

Yi
Z; = —.
lyil
Then U = {z1,29,...,2;} is an orthonormal basis for W.

Example 1. Use the Gram-Schmidt Process to find an orthogonal basis for the subspace W of R*
with basis {x1,x2,x3}, where the vectors x; = [1,1,—1,0], xo2 = [0,2,0,1], x3 = [-1,0,0,1] are
written as row vectors.
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Solution. Apply the steps in the Gram-Schmidt Process.
Step 1. Set y; =x; =[1,1,—1,0].

Step 2. Compute the vectors ys and ys3, in order, using the required formula

2 = - (33w
_ [0,2,0,1]-[1,1,—1,0]
y2 - [072707 1] - <[1,1771,0][1,1,7170]> [17 17 _170]
y2 = [0,22,2, 12] —(3)[1,1,-1,0]
Y2 = _gagvgal]
y3 = X3— (;iﬁ) y1— (;g x) y2
1,0,0,1]-[1,1,—1,0
ys = [-1,0,0,1]~ ({1,1,71 0} {1,1,71 OD [1,1,-1,0]
[-1,0,0,1]-[-2,3,2 1] [_2 42 1
[ 3737371][ %7%7%71} 373’37
= —1 5/3 2 4 2
y3 = { 1 O 0 1] ( )[1’17_1’0] - (m> [_5757571]
11 _1 10 20 10 5
ys = [- 14003]+7[§=§= 30— 33,33 33> 11
ys = {_ﬁ, 110 ﬁ,ﬁ].

The set T' = {y1,y2,y3} is the desired orthogonal basis for W.

Exercises 3.6

Pages 224 to 225 of text — Odds #1-7, #13, 15.

3.7 Linear Transformations from R" to R™

We recall that a function F': A — B associates with each element z in the set A an element
F(z) in the set B. When F': A — B we say that F' maps A into B. When we wish to indicate
the geometric nature of the sets A and B, we sometimes call F' a transformation rather than a
function. Mathematically the concepts of “function” and “transformation” are identical. A set A
may be carried into a set B by a function, while a space A is transformed into a space B by a
transformation.

Our interest in this section centers on linear transformations from one vector space V into
another vector space W (sometimes W and V' will be the same space).

Definition 3.7.1. If T: V — W is a function from a vector space V to the vector space W, then T
is called a linear transformation if, for all vectors x and y in V' and for all scalars ¢, the following
hold:

The vector space V is called the domain of T and the vector space W is called the co-domain of T.
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Suppose that T: V' — W is a linear transformation and that S = {vi,va,...,v,} is a basis
for V. Since any vector y in V' can be expressed as a linear combination of the vectors in S, we
have that

y=cavi+cve+ - +cpvp

for some scalars ci, ..., c,. By repeating properties (a) and (b) above, we obtain the equation
T(y) =ca1T(vi) + 2T (v2) + - - + T (vp).

Therefore, we can make the important observation that if you know how the linear transformation
T acts on a set of basis vectors for V', then you know how T acts on all the vectors in V.

Theorem 3.7.2. Suppose that T: V. — W is a linear transformation and suppose that S =
{v1,va,..., vy} is a basis for V. For any vector y in V, the value T'(y) is completely determined
by vectors in {T'(v1),T(v2),...,T(vn)}.

Problem 1. Suppose T: R* — R? is a linear transformation and let S be the standard basis
S ={ejy,eq,e3} where

1 0
e; = 0 , €2 = 1 , €3 =
0 0 1
Given that
3 4
Tle)=| |, Tle)=1|, | Tles)=|
€1
determine 7T'(x) when x = | z3
3

Solution. Since
X = xi1€e1 + To€e2 + x3€e,

we see that
T(x) =x1T(e1) + z2T(e2) + x3T(e3).

Thus,

B 1 3 4 B T1 + 3x9 + 4xs
T(X)—ZL'1|:1:|+$2|:O:|+£U3|:_7:|—|: .21?1—7.21?3

Theorem 3.7.3. Let V be the vector space R™ and let A be an m x n matrix. Consider the
function 7': R” — R™ defined by T'(x) = Ax. Then T is a linear transformation.

Proof. We show that T satisfies properties (a) and (b) of Definition 3.7.1. First we prove that (a)
holds:

Tx+y)=Ax+Yy) by definition of T
= Ax + Ay by distribution of matrix mult.
=T(x)+T(y) by definition of 7.
Now we prove that (b) holds:
T(cx) = A(ex) by definition of T
= cAx by scalar mult. property
= cT'(x) by definition of 7.

This completes the proof. ]
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Theorem 3.7.4. If T: V — W is a linear transformation, then
1. T(0) =

2. T(—x) = —T(x)

3. Tx—y)=T(x) - T(y)

S

Proof. Since 00 = 6, it follows that T(00) = T(0). Because T is linear, we must have that
07'(0) = T(0). Clearly, 07'(@) = 0 and therefore, T'(0) = 6. For item 2, let x € V. We have that
—x = (—1)x. Thus, T(—x) = T((—-1)x) = (-1)T'(x) = —T'(x). Therefore, T'(—x) = —T'(x). The
proof of item 3 is similar. O

3.7.1 Examples of Linear Transformations

0 2

Example 2. Let V be the vector space R? and let A be the 2 x 2 matrix A = { 10

} . Define

the linear transformation L: R? — R? by L(x) = Ax. Let e; = { (1) } and ey = [ 0 ] be the unit

1
vectors in R2. Evaluating L(e1) and L(ey) we obtain

L(el):[ﬂ L(eg):[g].

Consequently, the unit square S is “transformed” by L to L[S] as shown in Figure 3.8.

L[S]

L(eg)

€2

(1 L(ey) |

Figure 3.8: L transforms the square S into the rectangle L[S]

Example 3. Let V be the vector space R? and let B be the 2 x 2 matrix B =

i

1 1
1 -1
Define the linear transformation F': R? — R? by F(x) = Bx. Let e; = { é } and ey = [ 0 } be

the unit vectors in R2. Evaluating F(e1) and F(e3) we obtain

V2 V2
Fle)=| % | Flex)=| 2,
2 T2
Consequently, the unit square S is “transformed” by F' to F[S] as shown in Figure 3.9.
Example 4. Let V be the vector space R? and let C' be the 2 x 2 matrix C' = [ (1) 1 ] Define

the linear transformation G: R? — R? by G(x) = Cx. Let e; = [ (1) ] and ey = { (1) } be the unit
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€2

e F(QQ)

Figure 3.9: F transforms the square S into the rotated square F[S]

vectors in R%. Evaluating G(e;) and G(ez) we obtain

G(el):{ﬂ G(eg):[}].

Consequently, the unit square S is “transformed” by G to G[S] as shown in Figure 3.10.

S G(e2)

€2

€

Figure 3.10: G transforms the square S into the parallelogram G[S]

Example 5. Let V be the vector space R? and let A be the 3 x 3 matrix

0 0 -2
A=|1 2 1
1 0 3
1
Let T: R® — R3 be defined by T'(x) = Ax. Letting x = | x2 | and using matrix multiplication
T3
we can get a “formula” for T
0o 0 -2 T —2z3
Tx)=Ax=|1 2 1 o | = | 14+ 229 + 23
1 0 I3 r1 + 31‘3
Thus we obtain the formula
T *2:1/‘3
T xo = | z1+2x2+ 23
T3 x1 + 3x3

Conversely, given a formula (as in the above example) for a linear transformation, we can obtain
a matrix representation (namely A) such that 7'(x) = Ax.

Problem 6. Let T: R? — R? be the linear transformation defined by

- —2x3
1
T + X2
T
? 1 + 229 + x3
3 1+ 33

Find a matrix A such that T(x) = Ax for all x € R3.
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Solution. We shall find the desired matrix as follows:

. —2x3 0 0 -2
1
1+ X2 - 1 1 0
T iQ T1 + 229 + 23 N 1 T 2 s 1
3 z1 + 323 1 0 3
0 0 -2 .
1o !
T 12 1 iz
10 3 s
00 -2
1 1 0. . .
Thus, A = 1 o Nk the desired matrix.
10 3
3.7.2 Finding the Matrix of a Linear Transformation
Theorem 3.7.5. Let T: R® — R™ be a linear transformation and let e1, e, ..., e, be the unit

vectors in R™. Define the matrix A = [T'(e;) T'(e2) --- T'(en)]. Then T'(x) = Ax for all x € R™.

x1

€2
Proof. Let x = . |- We will show that T'(x) = Ax. Observe that x = x1e; +zoe2+ - -+ xp €.

TIn
Since T is a linear transformation, we obtain

T
T(x)=x1T(e1) + x2T(e2) + -+ x,T(en) = [T(e1) T(ex) - - T(ey)] m:Z = Ax
by Theorem 1.5.12, where A = [T'(e1) T'(e2) --- T(en)]. O

Problem 7 (see problem 6 on page 87). Let T: R?> — R* be the linear transformation defined by

. —2x3
1
T+ X2
T =
iQ T1 + 229 + x3
3 1+ 33

Find a matrix A such that T(x) = Ax for all x € R3.

Solution. Let ey, ez, e3 be the unit vectors in R3. Thus, by Theorem 3.7.5 the matrix A is

A=[T(e1) T(es) T(e3)] =

=== O
o= O
wr— o N
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3.7.3 Coordinates with Respect to a Basis

Let V' be a vector space and let B = {vy,va,...,v,} be a basis for V. By Theorem 3.4.4, we have
that every vector y in V' there is a unique list of scalars ¢y, co, ..., ¢, such that

Yy =cC1Vy+Ccve+ -+ V.

Thus, using the given order of the vectors in B, we can call the scalars ¢1, ¢, . . ., ¢, the coordinates
of y with respect to the basis B, and call

the coordinate vector of y with respect to the basis B. Using this coordinate system for V,
we can represent any linear transformation 7: V' — V in terms of a matrix.

Theorem 3.7.6. Let T: V — V be a linear transformation and B = {v1,va,...,Vv,} be a basis for
V. Define the matrix A = [[T'(v1)]p [T'(v2)lp - [T (vn)|g]. Then [T'(x)|p = A[x|p for all x € V.

There is a slight generalization of Theorem 3.7.6.
Theorem 3.7.7. Let T: V — W be a linear transformation. Let B = {v,va,...,v,} be a basis
for V and C = {wy,wa,..., Wy, } be a basis for W. If A = [[T'(v1)]c [T'(v2)lc -+ [T(vn)]c], then
[T(x)]c = Alx|p for all x € V.
3.7.4 Null Space and Range Space of a Linear Transformation
Definition 3.7.8. Let T: V — W be a linear transformation.

e The null space of T' (or the kernel of T'), denoted by N (T), is the set of all vectors x in V'
such that T'(x) = 0, that is,

N(T)={xeV:T(x) =0}
e The range space of T', denoted by R(T), is set of all vectors y in W such that T'(x) =y for
some x € V, that is,
R(T)={y e W:T(x) =y for some x € V}.
Theorem 3.7.9. Let V be the vector space R™ and let A be an m x n matrix. Consider the linear
transformation 7': R™ — R™ defined by T'(x) = Ax. Then N (T) = N(A) and R(T) = R(A).

Definition 3.7.10. Let T: V — W be a linear transformation. The dimension of the subspace
N(T) is called the nullity of 7. The dimension of the subspace R(T) is called the rank of 7.

Problem 8. Consider the linear transformation 7: R?® — R* defined by T'(x) = Ax where
0 -2
A= 0

— = =N
SN =

Find a basis for the null space and range space of T. Then determine the nullity and rank of T.
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Solution. By Theorem 3.7.9 we just need to find the null space of the matrix A and find the range
of A. First we find the null space of A. Applying Gauss-Jordon reduction to the augmented matrix
[A| 8], we obtain the augmented matrix

[C]6] =

o O O
O O = O
O O ==
o O OO

Solving the equivalent system of equations Cx = 68, we obtain

1 = I3
Tr9 = —XI3
r3 = I3.

Therefore, every solution to Ax = @ can be written in the form

x1 T3 1
) = —xI3 = I3 —1
I3 I3 1
1
So the vector vi = | —1 | forms the basis of the null space of A. We conclude that vy forms a
1

basis for the null space of T" and that the nullity of T is 1.

Now we find a basis for the range of A. Since the column space of A equals the range space
of A, we just need to find a basis for the column space of A. To do this, we apply Theorem 3.4.9.
Transforming the matrix A into reduced echelon form we obtain

1 0 -1
01 1
00 O
00 O
2 0
Theorem 3.4.9 implies that the vectors y; = 1 and yy = ; form a basis for the range of
1 0

A. We conclude that yi, yo form a basis for the range space of T and that the rank of T is 2.

3.7.5 One-to-One Linear Transformations

Definition 3.7.11. A linear transformation 7: V' — W is said to be one-to-one if the following
holds: For any vectors u and v in V, if T'(u) = T'(v) then u = v.

Theorem 3.7.12. A linear transformation 7': V' — W is one-to-one if and only if N'(T") = {6}.

Proof. Let T: V. — W be a linear transformation. Assume that 7T is one-to-one. We will prove that
N(T) = {0}. To do this, let x € N(T). Thus, T(x) = 0. Since T(8) = 6 by Theorem 3.7.4, we
conclude that T'(x) = T'(@). Because T is one-to-one, we infer that x = 8. Therefore, N'(T') = {0}.
For the converse, assume that N(T') = {@}. We shall prove that 7' is one-to-one. Let u and v be
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in V and assume that T'(u) = T'(v). Thus, T(u) — T'(v) = 6. Because T is linear, we have that
T(u—v)=60. Thus, u—v is in N(T). Since N (T) = {6}, this implies that u — v = 0. Therefore,
u = v and thus, T is one-to-one. O

Corollary 3.7.13. Let T: V — W be a linear transformation. Then 7' is one-to-one if and only if
forall x € V, if T(x) = 0, then x = 6.

Lemma 3.7.14. Let T: V — W be a one-to-one linear transformation. If x1,Xo,...x} are linear
independent vectors in V/, then T'(x;),7(x2),...T(x)) are linear independent vectors in W.

Proof. Let T: V — W be a one-to-one linear transformation. Assume that x1,Xs,...Xx; are linear
independent vectors in V. Suppose that

aT(x1) + T (x2) + - e, T(x¢) = 6.
As T is a linear transformation, we conclude that
T(c1x1 + coXo + - - - cxxg) = 0.
Since T is one-to-one, Corollary 3.7.13 implies that
c1X1 + coxXg + - - Xy = 6.

Because x1,Xo,...xy are linearly independent, we infer that ¢y = co = --- ¢ = 0. Therefore, the
vectors T'(x1), T(x2),...T(xy) are linear independent. O

Theorem 3.7.15. Let T: V' — W be a linear transformation such that dim(V') = dim(W). If T
is one-to-one, then T is onto W.

Proof. Let T: V. — W be a linear transformation such that dim(V) = dim(W) = n. As-
sume that 7' is one-to-one. Let {x1,x2,...,%, be a basis for V. By Lemma 3.7.14, we con-
clude that T'(x1),T(x2),...T(x,) are linear independent vectors in W. Theorem 3.5.4(3) implies
that {T'(x1),T(x2),...T(x,)} is a basis for W. To show that T is onto W, let y € W. Since
{T(x1),T(x2),...T(x)} is a basis for W, there are scalars ¢y, ¢, ..., ¢, such that

aT(x1) + T (x2) + e, T(xp) =y.
Because T is a linear transformation, we see that
T(CIXI + coxg + - - Can) =Y.

Since ¢1X1 + €9Xo + - - - ¢pXy, 18 in V, we conclude that T is onto W. O

Exercises 3.7

Pages 239 to 241 of text — # 2, 3, 4, 8, 11, 14, 19, 22, 24, 25, 26, 28.




Chapter 4

The Eigenvalue Problem

A scalar A is said to be an eigenvalue for square matrix A if there is a nonzero vector v such that
Av = Av. Such a vector v is called an eigenvector. The key method for finding eigenvalues is the
use of determinants. The determinate of a square matrix A is a real number, denoted by det(A),
that is obtained by an involved computation using the matrix A. Throughout this chapter we will
be working with square matrices.

4.2 Determinants

Definition 4.2.1. Let

a a
A= 11 12 .
a1 a2

Then det(A) = ai1i1ag2 — a210a12.

Problem 1. Find the determinate of the 2 x 2 matrix

Solution. The determinant is given by det(4) =1-(—-1) —3-4 = —13.

4.2.1 Minors and Cofactors

In order to define the determinate of n X n matrices when n > 2, we shall introduce a procedure
for deleting a particular row and a particular column from a matrix.

Definition 4.2.2. Let

aix a2 - Ain

ai az2 - a2n
A=

anl1 Aap2 - dpn

be an n x n matrix. Let minor matrix M;; is the (n — 1) x (n — 1) matrix obtained by deleting
the i-th row and j-th column of A.

92
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Problem 2. Consider the 4 x 4 matrix

RN VR
W N = DN
_= O N =

|

-2

Find the minor matrices Moj, Mao, Mog and Moy.
Solution. Moy is obtained from A be deleting the 2nd row and the 1st column of A. So,
21 3
Mopyy=12 0 -1
31 1

Similarly, Mso is obtained from A be deleting the 2nd row and the 2nd column of A. Mos is
obtained from A be deleting the 2nd row and the 3rd column of A. Moy is obtained from A be
deleting the 2nd row and the 4th column of A. Thus,

11 3 1 2 3 1 21
Mooy = 4 0 =1 |, Meg= 4 2 =11, My = 4 2 0
-2 1 1 -2 3 1 -2 3 1
Definition 4.2.3. Let
ail aiz -+ Qlp
s a1 Qg2 -+ Ay
apl1 Ap2 - Aapp

be an n x n matrix. Let M;; be the (n — 1) x (n — 1) minor matrix obtained by deleting the i-th
row and j-th column of A. The cofactor A;; is defined to be

Aij = (—1)i+j det(MZ'j).
2 1 1
Problem 3. Let A= | —1 1 2 |. Evaluate Aog.
1 2 3

Solution. Since Agz = (—1)2T3 det(Ma3), we first obtain the matrix Mz by deleting the 2nd row
and the 3rd column of A to obtain
i
Mas = :

1 2
We see that det(Ma3) =22 —1-1 = 3. Therefore, Agg = (—1)?T3 det(Ma3) = —3.
Definition 4.2.4. Let

ail aiz - Qip
a1 a2 - Q2p
A=
anl1 Aap2 - dpn
be an n X n matrix. For any row R; = [ a1l Qi Qip ], the determinant of A is the number

det(A) defined by
det(A) = a;1 A1 + applio + - + ainAin
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Remark 4.2.5. No matter which row you select in Definition 4.2.4, you will always get the same
value for det(A). The above definition of the det(A) is referred to as the i-th row expansion. The
text defines det(A) using the method called the j-th column expansion (see Theorem 4.2.6 below).

2 11
Problem 4. Let A= | —1 1 2 |. Select a row and use Definition 4.2.4 to compute det(A).
1 2 3

Solution. We shall use the first row of A. Thus,

det(A) = a11A11 + a12412 + a13413
=2-A1+1-Aa+1-A3 (*)

where the cofactors A1, A12, A13 are computed as follows:

Ay = (—1)1+1det( ; g D =()[1-3-2-2]=~1
_(_1)l42 -1 2 _ _
Ajg = (—1)""* det 1 3 =(-1[(-1)-3—-2-1]=5
143 -1 1
Ars = (—1)1F3 det Lo )=l 21 = s
Therefore, by (x), det(A) =2-(=1)+1-5+1-(=3) =0.
1 2 -1 1
-1 0 2 -2
Problem 5. Let A = s 1 1 11 Select a row and compute det(A).
2 0 -1 2

Solution. We shall use the second row of A because it has a 0. Thus,

det(A) = az1 A1 + aza Aoz + a3 Aoz + azq Aoy
=—1-A21+0-Agp+2- A3 —2- Aoy
=—1-Ap +2 A3 —2- Ay
= —1-(=1)*"det(Myz) +2- (—1)*"3 det(Maz) — 2 - (—1)** det(May)
= det(Ma1) — 2det(Maz) — 2det(May)
—5-2(—8) —2(9) =3

where the values det(Ma;) = 5, det(Maz) = —8 and det(Maog) = 9 are computed as follows: To
compute det(Ma1) we first identify Ma; and obtain

2 -1 1
My =] —1 1 1
0 -1 2
We now evaluate det(Ma;), using the 3rd row of My, and get

det(M21)—(—1)(—1)3+2det([ o H)+(2)(—1)3+3det<[ 2 D
=12 1- (~1)(1) +2(2-1— (~1)(-1)) =3+2 =5.
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Because

using the 3rd row in Mss, we obtain
det(Mag) = (2)(—1)* det ([ 2 D +(2)(=1)%"3 det ([ - D
=2(2+1)+2(-1-6)) =-8.

Finally, since

1 2 -1
Moy=1|3 -1 1
2 0 -1

we use the 3rd row in My, to evaluate
det(Mag) = (2)(—1)3+" det <[ 2 D (= 1)(=1)% det ([ ; B D
=22-1)+(-1)(-1-6)) =09.

Theorem 4.2.6. Let

ailr a2 -+ Qin

21 a2 - a2n
A=

anl Qp2 -+ Gpp

be an n x n matrix. Then

det(A) = a;1 A + ainliz + -+ + ainAin,  i-th row expansion
= a1jA1; +agjAsj + -+ apjAy;  j-th column expansion.

Thus, one can compute the determinate of a square matrix by selecting a row, or a column, with

the most zeros for the evaluation of this determinate. Recall the following definition of a singular
matrix.
Definition 4.2.7. Let A be a square n x n matrix. The matrix A is nonsingular if the only
solution to Ax = @ is x = 8. We say that A singular if there is a non-trivial solution to Ax = 0,
that is, a solution x # 6.

The next two results are very important in linear algebra.

Theorem 4.2.8. Let A and B be n x n matrices. Then det(AB) = det(A) det(B).

Theorem 4.2.9. Let A be an n x n matrix. Then A is singular if and only if det(A) = 0.
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4.2.2 Triangular Matrices

Definition 4.2.10. A square n X n matrix A is upper triangular if all of the entries below the
main diagonal are 0; that is, if A has the form

aily aiz -+ Qip
0 ax -+ an

A=
0 0 Ce. Ann

A square matrix A is lower triangular if all of the entries above the main diagonal are 0. A
matrix is said to be triangular if it is either upper or lower triangular.

Theorem 4.2.11. Let A be a triangular n x n matrix. Then det(A) is just the product of the
diagonal entries of the matrix A; that is, det(A) = aj1a92 - - - app.

Problem 6. Evaluate the determinate of each of the following triangular matrices:

2 1 -3 5 1 0 00
0 -4 9 25 4 2 00
A= 0 0 -2 1 B= -5 11 -2 0
0 0 0 1 10 7 9 3

Solution. det(A) =2-(—4)-(—2)-1 =16 and det(B) =1-2-(-2) -3 = —12.

Problem 7. Let A = . Select a row R; and use Definition 4.2.4 to evaluate det(A).

S O O N
= o = O
o N OO
w o o

Solution. We shall use the second row because it has a lot of 0’s. Thus,
det(A) = az1 A1 + aza Aoz + a3 Aoz + agg Aoy = 1- Aga.

So we just need to evaluate the cofactor Ass, obtaining

0
Agy = (=1)*"2 det 2 = (1)[12] = 12.
0

S O N
w O =

Hence, det(A) = 12.

Exercises 4.2

Pages 288 to 289 of text — Odds #9-17.
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4.4 & 4.5 Eigenvalues, Eigenvectors, and Eigenspaces

Definition 4.4.12. If A is a square n X n matrix, then a nonzero vector x in R" is called an
eigenvector of A if Ax is a scalar multiple of x, that is, Ax = Ax for some scalar A\. The scalar \ is
called an eigenvalue of A, and the nonzero vector x is said to be an eigenvector corresponding to
the eigenvalue .

Remark 4.4.13. We make some observations about the definition of an eigenvalue and eigenvector.

1. Notice that x = 0 is not allowed to be an eigenvector, even though A0 = 6.

2. Notice that if x is a nonzero vector in the null space of A, that is Ax = 6, then x is an
eigenvector with eigenvalue (the number) 0, because Ax = 6 = 0x.

3. Not all matrices have an eigenvector.

Definition 4.4.14. Let A is a square nxn matrix. Let X be a fixed eigenvalue of A. The eigenspace
corresponding to A is defined to be the set £\ = {x € R" : Ax = A\x}.

The reader will observe that if x is an eigenvector corresponding to A, then any scalar multiple
cx is also an eigenvector. This is a special case of the next result.

Theorem 4.4.15. Let A is a square n X n matrix. Let A be a fixed eigenvalue of A. Then FE) is a
subspace of R™.

Proof. Let A is a square n x n matrix. Let A\ be a fixed eigenvalue of A. Note that 8 € E) since
A0 = 0 and thus, AQ = \8. So, to show that FE) is a subspace it is sufficient to show that F) is
closed under addition and scalar multiplication. To do this let x and y be in E) and let ¢ be a
scalar. Since x and y are in E), it follows that

Ax = Ax and Ay = \y. (4.1)

We must show that x +y is in E); that is, we must show that A(x +y) = A(x+y). To see this,
note that

A(x+y) = Ax+ Ay Dby distribution of matrix mult.
= AX+ Ay by equations in (4.1) above
= A(x+y) by distribution of scalar mult.

Hence, x+y € E),. Now we must show that c¢x is in E}y; that is, we must show that A(cx) = A(ex)
given that x is in F). To see this, note that

A(ex) = cAx by property of matrix mult.
= cAx Dby first equation in (4.1) above

= Acx  since cA = e
Hence, cx € E). Therefore, by Theorem 3.2.3, E) is a subspace of R". ]

Theorem 4.4.16. Let A is a square n X n matrix and let A be a fixed eigenvalue of A. Then
E\ = N (A — XI); that is, the eigenspace E) is the null space of the matrix A — \I.



98 CHAPTER 4. THE EIGENVALUE PROBLEM

Proof. We are given that X is an eigenvalue of the square n x n matrix. Let x € R™. Suppose that
X is in eigenspace F). Then Ax = Ax and so,

Ax = Ax

Ax = A[x because Ix = x where [ is the identity matrix
Ax —Ax =60 subtracting AIx from both sides
(A-X)x=20 distribution prop. of matrix mult.

We conclude that x is in the null space of the matrix A — AI. Similarly, if x is in the null space of
the matrix A — A, then Ax = Ax. Thus, x is in the eigenspace FE). O

4.4.3 Finding Eigenvalues and Eigenvectors

From the proof of Theorem 4.4.16, we see that the equation Ax = Ax is equivalent to the equation
(A — A)x = 6. Hence, we now have the following theorem.

Theorem 4.4.17. Let A is a square nxn matrix and let A be a scalar. The following are equivalent:
(a) There is a nonzero vector x such that Ax = A\x.
(b) The matrix (A — AI) is singular.
(c) The scalar A is a root to the equation det(A — AI) = 0.

Proof. We show that (a) implies (b), (b) implies (c), and (c) implies (a).

(a) = (b): Suppose that a nonzero vector x satisfies Ax = Ax. Thus, (A — AI)x = 6. Since x is
nonzero, we conclude that matrix (A — AI) is singular.

(b) = (c¢): Suppose that the matrix (A—A\I) is singular. Theorem 4.2.9 implies that det(A—AI) = 0.

(¢) = (a): Suppose that det(A—AI) = 0. Theorem 4.2.9 implies that A— I is singular. Therefore,
there is a nonzero vector x satisfying (A — AI)x = 6. Therefore, Ax = Ax. O

Our next corollary shows that to find an eigenvalue of a square matrix A, one just needs to find
the roots of an equation.

Corollary 4.4.18. Let A is a square n X n matrix and let A be a scalar. Then ) is an eigenvalue
for A if and only if det(A — AI) = 0.

Definition 4.4.19. Let A is a square n X n matrix.

1. The polynomial p(\) = det(A — AI) is called the characteristic polynomial of A.
2. The polynomial equation det(A — AI) = 0 is called the characteristic equation of A.

3. Suppose that 7 is a root of the characteristic equation det(A — AI) = 0. The algebraic
multiplicity of r is defined to be the the number of times that r occurs as root.

Problem 1. Find the characteristic polynomial p(A) of the matrix
0 0 -2

A=|1 2 1

10 3

Find all the eigenvalues of A and their algebraic multiplicity.
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Solution. To find the eigenvalues of A, by Corollary 4.4.18, we must find the roots of the charac-
teristic equation det(A — AI) = 0. To do this, we first determine the matrix A — AI as follows:

0 0 -2 A0 O —-A 0 -2
A-X=]12 1|—-10 X 0|= 1 2-A 1
10 3 0 0 A 1 0 3—A

To find the roots of the characteristic equation of A we now compute (using the first row) the

det(A=Al) = (N2 =NB =)+ (=2)(=(2-1)(1))
= (=NE=-NE-N)+2(2-2)
= 2=MI(=NB=A) +2]
= (2-N[(\-31+2)]
= 2-NA-2)(A-1)

Thus, the characteristic polynomial of A is p(A) = (2 — A)(A — 2)(A — 1). The eigenvalues of A
are the roots of the characteristic equation p(A) = 0 which are A = 2 and A = 1. The algebraic
multiplicity of A = 2 is two and algebraic multiplicity of A = 1 is one.

Definition 4.4.20. Let A is a square n X n matrix.

1. Suppose that A is an eigenvalue of A. The geometric multiplicity of A is defined to be dim(FE)).

2. If the algebraic multiplicity of any eigenvalue A is different than the geometric multiplicity of
A, then the matrix A is said to be defective.

Problem 2. Determine the dimension and a basis for all of the eigenspaces of the matrix

0 0 -2
A=|1 2 1
10 3

given in Problem 1. Afterwards, determine whether or not the matrix A is defective.

Solution. The eigenvalues of A were derived in our solution of Problem 1, where we obtained A = 2
and A = 1. Theorem 4.4.16 implies that the eigenspace E) of A corresponding to the eigenvalue
A = 2, is the null space of the matrix A — Al = A — 2. So we must determine the dimension and
a basis for the null space of the matrix

-2 0 -2
A-2]= 10 1
10 1

Putting this matrix into reduced echelon form we get the matrix

1
B=1]0
0

o O O

1
0
0
We thus obtain the solution to the system (A — 2I)x = 0 to be

Tr1 — —X3
T = X2

T3 = T3.
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Therefore, every solution to (A — 2I)x = € can be written in the form

T 0 -1
X = To = I9 1 + x3 0
T3 0 1
0 -1
Thus, the vectors y; = | 1 | and yg = 0 | form a basis for the eigenspace F». Hence, the
0 1

dimension of the subspace FEs is two. Therefore, the geometric multiplicity of A = 2 is two and is
the same as the algebraic multiplicity of A\ = 2 (see Problem 1).
A basis and the dimension for the eigenspace corresponding to A = 1 can be determined as
above. The reader should complete this problem by showing that the dimension of the eigenspace
-2
corresponding to A = 1 equals one, and that the vector 1 | forms a basis for this eigenspace.
1
Therefore, the geometric multiplicity of A = 1 equals one and is the same as the algebraic multiplic-
ity of A = 1. Since every eigenvalue has its geometric multiplicity equal to its algebraic multiplicity,
we conclude that the matrix A is not defective.

4.4.4 Distinct Eigenvalues

Theorem 4.4.21. Let A be an n x n matrix with eigenvectors x1,Xa,...,x; and corresponding
eigenvalues A1, A2,...,A\r. Suppose that these eigenvalues are all distinct, that is, A\; # A; when
i# jand 1 <4,j < k. Then the vectors x1,Xs,...,X; are linearly independent.

Proof. Let A be an n X n matrix. Suppose, for a contradiction, that the theorem is false for the
matrix A. Thus, there must be a smallest k for which the theorem is false. We will now work
with this k. So the matrix A possesses eigenvectors xi,Xs,...,Xg, with corresponding distinct
eigenvalues A1, Ao, ..., Ag, such that x;,xo,...,x; are linearly dependent. First we observe that
the eigenvector x; is linearly independent. To see this, suppose that ¢x; = 6. Since x; # 0
(because it is an eigenvector), it follows that ¢ = 0. Thus, k£ > 1. Since k is the smallest for which
the theorem is false, it follows that the eigenvectors x1,Xs,...,X;_1 are linearly independent.

Since the vectors x1, X2, . . ., Xip_1, X} are linearly dependent, there are scalars c1, co, ..., Ct_1, Ck,
which are not all 0, such that

c1X1 + coXg + -+ -+ Cp_1Xp—1 X = 0. (4.2)

We will now show that ¢; # 0. If ¢, = 0 then we would obtain, from (4.2), the equation

C1X1 + CoXo + -+ + Cp_1Xp_1 = 6. (43)
Because x1,X2, . ..,X;_1 are linearly independent, we would be able to conclude from (4.3) that all
of the scalars c1, co, ..., cp_1,cr must be 0, which is not the case. Thus, we must have that ¢; # 0.

Since ¢ # 0 and x; # 0, equation (4.2) implies that there is a least one scalar ¢; such that
c¢ # 0 where 1 < ¢ < k — 1. Multiplying both sides of (4.2) on the left by the matrix A, we get

C1AX] + 0 AXo + -+ + Cp_1AXp_1 + L Ax, = AB.
Since Ax; = Ax; for each i = 1,2,...k, we conclude that

CIAX] + CoXNoXo + -+ + Ch_1 A\p—1Xk—1 + A \pXg = 6. (4.4)
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Multiplying both sides of (4.2) by the scalar A, we get
CLARX] + CoNpXo + -+ - + Ch_1 A\eXp—1 + CLALXE = 0. (4.5)
Subtracting equation (4.4) from equation (4.5), we see that
(A — A)x1 + c2( A — A2)xa + -+ cpm1 (M — Ap—1)Xp—1 = 0.
Because x1,X3,...,X,_1 are linearly independent, we have that
(M —A) =0, caoMg—X2) =0, ..., cg1(Ax —Ak—1) =0.

Hence, in particular, ¢;(Ax — A7) = 0. We noted above that ¢, # 0. Thus Ay — Ay = 0 and so,
A = A¢. We conclude that not all of the given eigenvalues are distinct. This contradiction shows
that the theorem is true. O

Corollary 4.4.22. Let A be an n x n matrix. If A has n distinct eigenvalues, then A has n linearly
independent eigenvectors.

Corollary 4.4.23. Let A be an n X n matrix with eigenvectors X1, X2, ..., X and corresponding
eigenvalues A1, Ag, ..., Ak. If these eigenvalues are all distinct, then x; 4+ x9 + - -+ + x3 # 6.

Exercises 4.4 & D ———————

Page 305 of text — Odds #1-11. Page 314 of text — Odds #1-17.

4.7 Diagonalization

Definition 4.7.1. A square n x n matrix D is a diagonal matrix if all of the entries off the main
diagonal are 0; that is, if D has the form

Cd; 0 0 - 0
0 do 0 - 0
D—=| 0 0 ds - 0
0 0 0 - dy |

Example 3. The following square matrices are diagonal matrices:

20 00 10 00
07 00 00 00
A= 0 0 -5 0 B= 00 -2 0
00 01 00 03
Theorem 4.7.2. Let D be the diagonal matrix
[ dy 0 0 - 0 ]
0 do 0 --- 0

D=|0 0 d3 -~ 0

0 0 0 --- dy,
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Then
[d¥y 0 0 - 0]
0 ds 0 -~ 0
pk—| 0 0 d& -~ 0
0 0 0 - df ]
for all £k > 1.

Theorem 4.7.3. Let A be an n x n matrix. Suppose that A = SDS™! were D is an n x n diagonal
matrix D and S is a nonsingular n x n matrix. Then A¥ = SDFS~! for all k > 1.

Proof. Exercise, using mathematical induction. O

Example 4. Whenever A = [x; X2 -+ X,] is an n X n matrix with columns x1,xa,...,X,, then
Ae; = x; whenever e; is the i-th unit vector in R". For example, let A be the 3 x 3 matrix

3 1 =2
A= -1 2 1 = [Xl X9 Xg]
10 3
1 0 0
andlete;=| 0 |,ea=| 1 |,andes= | 0 | be the unit vectors in R3. Then
0 1
31 —27[1] [ 3
Ae1 = -1 2 1 0 = -1 = X1
| 1 0 3] 0] |1
31 —27[0] [1
Aeg = -1 2 1 1 = 2 = X9
| 10 110 ] | 0
31 =270 [ —2
Ae3 = -1 2 1 0 = 1 = X3.
| 1 0 3] |1] | 3
Similarly, whenever A = [x; x2 --- X,] is an n X n matrix with columns x1,Xs,...,X,, then

A(Xe;) = Ax; whenever ) is a scalar and e; is the i-th unit vector in R".

Definition 4.7.4. A square n X n matrix A is said to be diagonalizable if there is an n x n
diagonal matrix D such that S™'AS = D for some nonsingular n x n matrix S.

Theorem 4.7.5. A square n X n matrix A is diagonalizable if and only if the matrix A possesses
n linearly independent eigenvectors.

Proof. Let A be a square n X n matrix.

(=). We must prove that if A is diagonalizable, then A possesses n linearly independent eigenvec-
tors. So, assume that A is diagonalizable. Thus, there is an n x n diagonal matrix D such that
S~1AS = D for some nonsingular n x n matrix S. Let S = [x; X2 --- X,] and suppose that D
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has the form

A\ 0 0 - 0
0 X O 0
D=0 0 A3 --- 0
0 0 0 - Ay
Since the matrix .S is nonsingular, Theorem 1.7.11 implies that the vectors x1, %o, ..., X, are linearly
independent. We shall prove that Ax; = \;x; for each i = 1,2,...,n. So, let i be such a natural

number. Since S~'AS = D, it follows that AS = SD. Thus, (AS)e; = (SD)e; where e; is the i-th
unit vector in R™. Thus, A(Se;) = S(De;). Since Se; = x; and De; = \;e;, we conclude that

Axi = S)\iei = )\,-Sei = )\z‘Xi-

Therefore, Ax; = A\;x; and thus, each x; is an eigenvector for A. We can now conclude that A
possesses n linearly independent eigenvectors.

(«<). Now suppose that A possesses n linearly independent eigenvectors. We shall prove that A is
diagonalizable. Let x1,X2,...,X, be n linearly independent eigenvectors for the matrix A and let

A1, A2, ..., A\, be their corresponding eigenvalues. Hence Ax; = \;x; for i = 1,2,...,n. Let
A1 0 0 -+ 0]
0 X 0 -+ 0
D=0 0 A3 --- 0 (4.6)
L 0 0 0 - Ay

and let S = [x; x2 -+ Xj]. Since Xi,Xa,...,X, are linearly independent, Theorem 1.7.11 implies
that the matrix S is nonsingular. Thus, S~! exists by Theorem 1.9.7. We shall now prove that
AS = SD as follows:

AS = Alx1 x2 -+ Xp] =[Ax1 Axy - Axy)
= [)\1X1 )\QXQ )\nxn]
A 0 0 - 0 ]
0 X O 0
| 0 0 0 An |
We conclude that AS = SD and hence, S~'AS = D. Therefore, A is diagonalizable. O

Remark 4.7.6. Suppose that A is an n X n diagonalizable matrix. The proof of Theorem 4.7.5

gives a procedure for diagonalizing A. First find n linearly independent eigenvectors xi, X, . ..
for the matrix A, with corresponding eigenvalues A1, Ag, . ..

S7LAS = D where D is as (4.6) above.

Problem 5. Consider the 3 x 3 matrix

0
A=1]1
1

o N O

-2
1

s An-

Let S =[x x2 ---

7X7’l

Then

Xp).
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Show that A is diagonalizable and find a 3 x 3 matrix S so that S™'AS = D were D is a 3 x 3
diagonal matrix.

Solution. The matrix A was used in Problem 2 on page 99. In our solution to this Problem 2, we
obtain the following three eigenvectors for the matrix A:

0 -1 -2
X1 = 1 , X9 = 0 , X3 = 1
0 1 1

with corresponding eigenvalues A\; = 2, 3 = 2, A3 = 1. By applying the Linear Dependence
Algorithm on page 40, one can show that the vectors xi1,X9,x3 are linearly independent. Thus,
Theorem 4.7.5 implies that A is diagonalizable. Let

0 -1 -2 2 00
S=[x1x2x3=|1 0 1| andD=|0 2 0
0 1 1 0 01

Thus, by the proof of Theorem 4.7.5, we have that S~'AS = D.
Given a finite set B of vectors, we let |B| denote the number of vectors in the set B.

Theorem 4.7.7. Let A be a square n X n matrix. Suppose that A has k distinct eigenvalues
A1, A2..., A where £ < n. For each natural number 7 < k, let By, be a basis for E,. Then the
set of vectors U = By, UB), U---U B, is a linearly independent set of vectors. Hence, if |U| = n,
then the matrix A is diagonalizable.

Proof. Let A be a square n X n matrix. Suppose that A has k distinct eigenvalues Ay, Aa ..., A\
where k < n. For each ¢ <k, let By, = {x;1,...,X;,} be a basis for the eigenspace E),. We note
that (A) a nonzero linear combination of the vectors in B), is also an eigenvector with eigenvalue ;.
Moreover, since the eigenvalues are distinct, it follows that By, N By, = & whenever i # j. Let
U = By, UB),U---UB,,. To show that U is a linearly independent set of vectors, suppose that

(c1axi1+ -+ X)) + (coaxo + -+ c2jyXajy) + o 4 (ChaXp1 + - + Chjp Xk j) = 6.

Corollary 4.4.23 and (A) imply that each of the above parenthetical linear combinations must be
equal to 8. Since each B), is a linearly independent set of vectors, we conclude that

0171:"‘2017‘7'120271:"'2627‘]‘2: ...... :Ck,lz"':ck,jkzo-

Thus, U is a linearly independent set of vectors. Hence, if |[U| = n, then Theorem 4.7.5 implies
that the matrix A is diagonalizable. O

Corollary 4.7.8. Let A be an n x n matrix. If the sum of the dimensions of all the eigenspaces of
A is equal to n, then A is diagonalizable.

Exercises 4.7

Pages 336 to 337 of text — Odds #1-11.




